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rossover in ultra
old Fermioni
 gasWen
hao XuDe
ember 12, 2011Department of Physi
s, University of Illinois at Urbana-Champaign, Urbana, IL, 61801Abstra
tBy using Feshba
h resonan
e, the atom-atom intera
tion 
an be tuned from attra
-tive e�e
t to repulsive, whi
h allows us to study the 
rossover from Bardeen-Cooper-S
hrie�er (BCS) type super�uid with paring in momentum spa
e, to Bose-Einstein
ondensation (BEC) of bound pairs in real spa
e. In this paper, I will present the mean�eld approa
h for both sides at T=0, and then dis
uss some experimental results indegenerate Fermi gas. Su
h results demonstrated the existen
e of these two emergentstates and revealed the energy dispersion relationship and momentum distribution forboth sides.
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1 Introdu
tionUltra
old atomi
 or mole
ular gas provides us a platform to simulate quantum many-bodysystem. The a
hievement of Bose-Einstein 
ondensation [1, 2℄, and the realization of Fermidegenera
y [3℄ in ultra
old atoms have opened up a new world where the fundamental be-havior of quantum matter 
an be investigated. Compared with traditional 
ondensed matterphysi
s, the study on ultra
old gases has the advantage of 
ontrolling on various parameters,providing us a new approa
h to reveal the mysteries of many-body problems.One of those many-body problems is the study on BEC-BCS 
rossover. This problem,�rst proposed by theorists in 
ondensed matter physi
s[4, 5℄, have been brought into fo
us inultra
old system due to its ability to tune the atom-atom intera
tion among a large range.Fig. 1 displays a vivid pi
ture to des
ribe this phenomenon. In the BEC limit, two Fermioni
atoms form a tightly bound pairs in real spa
e, and they, as a mole
ule, follow the Bose-Einstein statisti
s. Thus Bose-Einstein 
ondensate emerges under 
riti
al temperature. Onthe other side, in the BCS limit where the attra
tion is weak, the pairs show up only inmomentum spa
e, just like the Cooper pairs in super
ondu
tor.
Figure 1: S
hemati
 for BEC-BCS 
rossover. By tuning the intera
tion, the Fermioni
 atomsundergo a 
rossover from Bose-Einstein 
ondensation (BEC) of bound pairs in real spa
e toBardeen-Cooper-S
hrie�er (BCS) type super�uid with paring in momentum spa
e.In se
tion 2, I will present the mean-�eld approa
h for BEC-BCS 
rossover at zero tem-perature. In Se
tion 3, the e�e
t of Feshba
h resonan
e that plays a 
ru
ial role in 
ontrollingthe atom-atom intera
tion will be dis
ussed. Finally, in Se
tion 4, I will introdu
e the exper-iments that demonstrate the existen
e of these two emergent states, and reveal their energydispersion relationship.2 Mean-�eld approa
h for BEC-BCS 
rossover at T=0Under Bogoliubov transformation,
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△k′ ≡ −UG△,where Ukk′ on the right side is dependent on k′. Now we want to extra
t the informationabout the e�e
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tion, i.e. to write △k as △k = −U0
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, whi
h is the two-parti
le propagator in non-intera
ting Fermion system.Hen
e we have U = (1 + U0G0)

−1U0. As a result
△ = −UG△ = −(1 + U0G0)
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)△k′. (1)Noti
e that the expression for △k is di�erent from the one dedu
ed from phonon inter-a
tion in metals. The reason is that Equ. 1 goes beyond the weak-
oupling limit, where the
ontribution from right side only extends over an energy interval near the Fermi surfa
e.In dilute neutral gas, two-body intera
tion at long wavelength and low energy dominates.Under Born approximation, U0 = 2π~2a

mr
, where mr is the redu
ed mass and equals m

2
forindistinguishable Fermioni
 system. Then we 
an rewrite Equ. 1 as:
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ed by integral over k.At the same time, at zero temperature, the total number of parti
les in this system shouldsatisfy 3
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(5)To illustrate BEC-BCS 
rossover, here we would 
onsider the limit situation:

• (kFa)
−1 → −∞. This limit 
orresponds to the weakly attra
tive intera
ting 
ase. Asa trail solution, we suppose µ → εF . Then it turns out for Equ. 5, only the integralaround Fermi surfa
e 
ontributes and we obtain △ = 8

e2
ǫF e

−1/N(ǫF )|U0|, in a similarform as the BCS theory predi
ted in metal.
• (kFa)

−1 → +∞. At this limit, Equ. 4 hints that the 
hemi
al potential µ be
omesnegative. Assuming that |µ| ≫ △, whi
h 
an be veri�ed self-
onsistently later, we 
anexpand the above equations to the �rst order in △2. Then Equ. 4 and Equ. 5 be
ome�
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.The latter integral gives us the expression for△2 by µ, then put it into the �rst integral,we obtain△ → 4εF√
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and µ → − ~
2

2ma2
; |µ|

△ ∝ a−3/2 → ∞. Noti
e that in this limit,
µis just the half of the binding energy of two atoms, indi
ating that with the in
reasingof (kFa)−1, two Fermioni
 atoms form a bound state and behave like Bosons.Fig. 2 displays the 
urves of µ̃ and △̃ as fun
tions of (kFa)−1, obtained by solving Equ. 4and Equ.5 self-
onsistently[6℄.Though approximate, the above approa
h provides the 
omprehensive argument for BEC-BCS 
rossover. To involve more fa
tors into 
onsideration, Monte Carlo method is widelyused[7℄, whi
h I will not dis
uss in this paper. In next two se
tions, the experimentalte
hnique and results on the study of BEC-BCS 
rossover will be dis
ussed.
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Figure 2: The 
hemi
al potential and energy gap at T = 0 as fun
tions of (1/kFa)−1. FromRef. [6℄3 Feshba
h resonan
e: tuning the atom-atom intera
tionTo make the study on BEC-BCS 
rossover possible, the atom-atom intera
tion must be tunedwithin a large range. As a 
on
ept 
oming from nu
lear physi
s, Feshba
h resonan
e nowplays a vital role in 
ontrolling e�e
tive intera
tion between ultra
old atoms, by adjustingan external parameter su
h as the magneti
 �eld. To illustrate this method in a simple way,we 
an 
onsider two potential 
urves as shown in Fig. 3. The open 
hannel 
annot supporta bound state for parti
les with energy larger than Eth. However, they 
an form a boundstate in the 
losed 
hannel. If the energy of an open 
hannel mat
hes the energy of boundstates in 
losed 
hannel, there will be a strong mixing between these two 
hannels and theso-
alled Feshba
h resonan
e will happen. As we will see later, Feshba
h resonan
e is ane�e
t resulted from se
ond-order perturbation.The origin of these two 
hannels is due to the singlet pairing or triplet pairing of twoatoms, analogous to the anti-bonding orbital and bonding orbital in H2. The inset of Fig. 3shows the intera
tion potential vs atomi
 separation distan
e for Li2.Here we 
onsider a two-body s
attering problem, the wavefun
tion for the relative motion
an be written as a sum of in
oming plane wave and s
attering wave, i.e. ψ = eikr+ψsc. UnderFourier transformation, the wavefun
tion 
an be written as ψ(k′) = (2π)3δ(k′ − k) +ψsc(k
′).Take this into S
hrödinger's equation, we have
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−
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m
− ~

2k′2

m
+ iε)−1Uk′,k. In the limit where k → 0 and

r → ∞, ψsc(k′) = − m
~2k′2

Uk′ 5



Figure 3: The s
hemati
 plot for two-
hannel model that illustrates the Feshba
h resonan
e.If the energy of bound states Ec in the 
losed 
hannel (upper) gets 
lose to the thresholdenergy Eth for the open 
hannel (lower), the two 
hannels 
ouple together and introdu
estrong e�e
tive intera
tion between atoms. The inset is the potential as a fun
tion of atomi
separation for Li2(From Ref. [8℄).
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ould regard U0 as a renormalized intera
tion for dilute gas.Feshba
h resonan
e requires us to 
onsider the se
ond-order perturbation.
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attering length as in Equ. 6.If Eth is 
lose to Ec, the 
ontribution from 1
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will dominate and the 
ontributionfrom all other states may be represented by a non-resonant s
attering length, denoted as

anon−res. The expression for s
attering length 
an be rewritten as:
4π~2

m
a =

4π~2

m
anon−res +

| 〈ψc |U |ψth〉 |
2

Eth −Ec6



Figure 4: Feshba
h resonan
e. (a): s
attering wavelength vs magneti
 detuning B−B0 fromFeshba
h resonan
e position. From Ref. [8℄ (b): Experimental measurement of the Feshba
hresonan
e position B0 for 40K. The 
urve for atom number vs magneti
 �eld reveals theonset position where the disso
iation of mole
ules happens, from whi
h we obtain B0 =
224.18± 0.05G. (
): Corresponding experimental measurement for s
attering wavelength vsmagneti
 �eld. From Ref. [9℄.With external magneti
 �eld, the value of a 
an be tuned. Suppose that Eth−Ec vanishesfor given magneti
 �eld B0, we 
an expand it around B0 to �rst order, then we have

Eth −Ec = (µc − µα − µβ)(B −B0) +O((B − B0)
2),where µα = −∂εα

∂B
and µβ = −

∂εβ
∂B

are the magneti
 moments for the two atoms in the open
hannel, and µc = −∂εc
∂B

is the magneti
 moment for the mole
ular bound state. As a result,the s
attering length 
an be written as
a = anon−res(1−

△

B −B0
), (7)where △ = m

4π~2anon−res

|〈ψc|U |ψth〉|2
Eth−Ec

, and 
orresponding 
urve for a vs B −B0 is shown in Fig.4(a).Hen
e, by modifying the external magneti
 �eld, we 
an tune the s
attering length fromnegative to positive. In other word, the e�e
tive intera
tion between atoms varies fromattra
tion to repulsion, provides us the platform to study BEC-BCS 
rossover. The deter-mination of the position where Feshba
h resonan
e happens plays a vital role in experimentson BEC-BCS 
rossover. The basi
 prin
iple is to �nd out the 
orresponding magneti
 �eldwhere the mole
ules disso
iate. For example, Fig. 4(b) is the experimental measurement forFeshba
h resonan
e position in 40K atomi
 gas.7



4 BEC-BCS 
rossover in experimentsFor Fermioni
 atoms, the total number of the neutrons, protons and ele
trons should be even,therefore they satisfy the Fermi-Dira
 statisti
s (e.g. 6Li, 40K). To observe the quantumbehavior of atomi
 gas, it is ne
essary to 
ool them down below the degenerate temperature
TF . Though the details of 
ooling te
hnique may vary for di�erent kinds of atoms, the basi
pro
edure in
ludes laser 
ooling and subsequent evaporation 
ooling. After that, the atomsare trapped in an opti
al dipole trap and further investigation 
an be 
ondu
ted.4.1 Observation of Bose-Einstein 
ondensation of mole
ulesUsually in the study on BEC-BCS 
rossover, resear
hers prepare an mixture of atoms in twodi�erent hyper�ne states (whi
h 
an be labeled as |↑〉 and|↓〉) at temperature below quantumdegenera
y. Then the magneti
 �eld will be applied to modify the e�e
tive intera
tionbetween atoms. Finally the gas is released from the trap and expands freely; the momentumdistribution of atoms 
an be measured through time-of-�ight absorption imaging, as shownin Fig 5. With the redu
tion of temperature, Fig 5 shows an dire
t observation of theemergen
e of mole
ular Bose-Einstein 
ondensate for 6Li and 40K, respe
tively.Sin
e the original gas 
loud in an opti
al trap is a mixture of unpaired atoms andmole
ules, one experimental detail we should pay attention to is how to extra
t the in-formation about mole
ular 
ondensation. For Fig 5(a), after the opti
al trap is turned o�, aradio frequen
y pulse is applied to disso
iate the mole
ules into free atoms on other hyper-�ne states, while the residual unpaired atoms are not a�e
ted. Then through spin-sele
tiveimaging, the pure information about the mole
ular 
ondensation 
an be obtained. Fig 5(b)used another method: they �rst disso
iated the mole
ules by sweeping the magneti
 �eldup to an intensity far above the Feshba
h resonan
e. Then both the unbound atoms andoriginal mole
ules are imaged; on the other side, without su
h magneti
 sweep, only theunbound atoms are imaged. The 
omparison of these two images reveal the information forpure mole
ular 
omponent.4.2 Observation of 
ondensate on both sides of BEC-BCS 
rossoverBeyond the extreme BEC region, we 
ould investigate the BEC-BCS 
rossover. However,measuring the 
ondensate fra
tion of Fermioni
 pairs on the BCS side is 
hallenging sin
e it ishard to identify the 
ondensate 
omponent. In the work of C. A. Regal et al[12℄, they pairwiseproje
ted the fermioni
 atoms onto mole
ules and measured the momentum distribution ofthe resulting mole
ular gas. The experimental pro
edure is illustrated in the inset of Fig. 6.On
e the Fermioni
 gas is released from the trap, the magneti
 �eld is redu
ed rapidly, todrive the atoms into the BEC side, where the atoms with opposite momentum that form apair in momentum spa
e 
ombine together to form a bound state with zero momentum. Asa result, we 
an measure the 
ondensate fra
tion just as in the mole
ular BEC limit (theyex
luded the possibility that su
h 
ondensation was formed during this expansion pro
essrather than at Bhold.)The main result in [12℄ is shown in Fig. 6 and Fig. 7. Fig. 6 demonstrated the existen
e of
ondensate on both sides. Besides, by varying the hold time, we 
an see that the 
ondensate8



Figure 5: The emergen
e of mole
ular BEC in Fermioni
 ultra
old gas. Both are the densitydistribution observed in time-of-�ight absorption images. (a): 40K. From left to right, thetemperature is T/TF ≈ 0.19 and 0.06. From Ref. [10℄ (b): 6Li2, together with their axiallyintegrated radial density pro�les. From left to right, the initial temperature is T/TF ≈ 0.2,0.1, and 0.05, respe
tively. From Ref. [11℄. They 
learly demonstrated the emergen
e ofBose-Einstein 
ondensation of bound Fermioni
 pairs.

Figure 6: Condensate fra
tion vs detuning from Feshba
h resonan
e △B = Bhold−B0. Thehold time is 2ms (for bla
k dots) and 30ms (for white triangles). The inset des
ribes theexperimental pro
edure. The magneti
 �eld sweeps to an intensity around the resonan
eposition, within the region indi
ated by bla
k two-sided arrow. This pro
ess is slow enoughto provide su�
ient time for atoms and mole
ules to 
ollide to rea
h equilibrium. Then theykept this magneti
 �eld for some 
ertain time, 
alled thold. At the time t = 0, the opti
altrap is turned o� and the gas is released. At the same time, the magneti
 �eld is redu
edrapidly by 10G, pushing the gas into the BEC side with weak intera
tion. Reprint from Ref.[12℄. 9



Figure 7: The momentum distribution for fermioni
 
ondensate on BCS-side. The imagesare taken after the pairwise proje
tion of atoms with opposite momentum onto mole
ules.From left to right, the detuning from Feshba
h resonan
e is △B = 0.12, 0.25 and 0.55G.The 
orresponding 
ondensate fra
tions are N0/N = 0.10, 0.05 and 0.01, respe
tively. FromRef. [12℄.on the BEC side has relatively long life-time. Fig. 7 displays the momentum distribution forthe 
ondensate on the BCS side, after the momentum of atoms are pairwise proje
ted ontoa mole
ular gas. It indi
ates that the 
ondensate fra
tion de
reases rapidly as the systemgoes far into the BCS side. It satis�es the 
on
lusion we derived in Se
tion 2. As shown inFig. 2, the gap energy redu
es exponentially as (kFa)−1 → −∞, and the gas �nally behaveslike free Fermions.4.3 Ex
itation spe
tros
opy for BEC-BCS 
rossoverThe observation of 
ondensate on the BCS side is not su�
ient to reveal their properties. To
onvin
e that they have BCS-like behavior, it is ne
essary to obtain more information, su
has their energy dispersion relationship. Momentum-resolved radio-frequen
y spe
tros
opy,similar to angle-resolved photoemission spe
tros
opy (ARPES) widely used in 
ondensedmatter physi
s, allows us to study the single-parti
le ex
itation in BEC-BCS 
rossover.In 
ondensed matter, on
e the photoele
trons eje
ted from the sample are 
olle
ted and
ounted, their intensity and momentum k 
an be obtained. Moreover, the original single-parti
le energy is E = ~
2k2

2m
+W − hv, where W is the work fun
tion of the surfa
e. Su
hphotoemission spe
tros
opy provides a lot information about single-parti
le states. Analo-gously, for ultra
old atomi
 gas, through a radio-frequen
y pulse, the atoms are driven intoan uno

upied Zeeman spin state, and their momentum 
an be dete
ted by spin-sele
tivetime-of-�ight imaging. Sin
e the momentum 
arried by photon is negligible 
ompared withthe momentum of atoms, the momenta of those out
oupled atoms re�e
t the momentum oforiginal states. Besides, the energy expression is almost the same as the one in 
ondensedmatter, ex
ept W 
orresponds to the Zeeman energy splitting.D. S. Jin's group used this te
hnique to probe the single-parti
le ex
itation spe
trum in

40K degenerate gas around Feshba
h resonan
e[13℄. Fig. 8(a) is the spe
tros
opy for weaklyintera
ting gas. The intensity, whi
h is proportional to the number of atoms transferred intothe untrapped state, is plotted as a fun
tion of momentum and energy. The white dots,whi
h mark the 
enters of the intensity at ea
h momentum k, ,mat
h well with the expe
tedparaboli
 dispersion as shown in bla
k line. Fig. 8(b) reveals the ex
itation spe
tros
opy10



Figure 8: Single-parti
le ex
itation spe
tral for 40K ultra
old atomi
 gas. Bla
k lines arethe dispersion 
urve for an ideal Fermi gas, and the white symbols mark the 
enter ofenergy distribution for given momentum. (a): very weakly intera
tion Fermi gas. The Fermimomentum kF = 8.6± 0.3µm−1, as plotted by orange dots. (b): strongly intera
ting Fermigas on the BCS side. The white line is a �t to BCS-like dispersion. (
): Fermi gas on theBEC side. The upper feature results from unpaired atoms and the lower feature 
omes frommole
ules. The white line is a �t by quadrati
 dispersion with an energy shift. Reprint fromRef. [13℄.where (kFa)
−1 ≈ 0. It 
learly reveals a pairing energy gap; the experimental data are �t toa BCS-like dispersion 
urve, i.e. E = µ−

√

(εk − µ)2 −△2. Fig. 8(
) is far on the BEC-side((kFa)−1 ≫ 1), where the pairing in momentum spa
e be
omes a two-body binding in realspa
e. There are two bran
hes in Fig. 8(
). The upper one behaves as free fermions, whereasthe lower bran
h, broad in energy, drops with in
reasing momentum. The �rst one 
an beattributed to the unpaired atoms, while the se
ond one should 
ome from mole
ules. Theredu
tion in energy is due to the extra 
ost to disso
iate a mole
ule. Therefore the energyo�set should equal to the mole
ular binding energy. The negative e�e
tive mass re�e
ts thatmole
ules with higher binding energy o

upies higher momentum 
omponent.5 Dis
ussion and 
on
lusionThe BEC-BCS 
rossover regime provides ri
h physi
s. The ex
iting resear
hes that have notbeen 
overed in this paper in
lude the study on the spin-imbalan
ed 
ase [14℄, and even apossible approa
h to study the pseuedogap region in high-temperature super
ondu
tor [15,16℄. Besides, the te
hnique on probing physi
al properties in ultra
old systems is bloomingin re
ent years, and therefore the debating issues in 
ondensed matter physi
s may �nd theirsolutions in this platform. In my opinion, in terms of the study on BEC-BCS 
rossover, weneed to �nd more 
onvin
ing methods to identify the Cooper-pair-like 
ondensate.In summary, from the BCS wavefun
tion, I displayed the basi
 properties of BEC-BCS11




rossover at zero temperature. It indi
ates that by modifying the two-body intera
tion, theBCS-like Fermioni
 pairs in momentum spa
e 
an be
ome tightly bound mole
ules in realspa
e. In ultra
old Fermioni
 gas, the BEC-BCS 
rossover region 
an be realized throughFeshba
h resonan
e, whi
h tunes the e�e
tive intera
tion between atoms by external mag-neti
 �eld. The experimental results 
learly demonstrated the existen
e of 
ondensation onboth sides, and displayed the 
orresponding momentum distribution under di�erent temper-ature or detuning magneti
 �eld. Moreover, the photoemission spe
tros
opy presented theinformation about the dispersion relationship, providing deeper insight into this problem.Referen
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