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Abstract

By using Feshbach resonance, the atom-atom interaction can be tuned from attrac-
tive effect to repulsive, which allows us to study the crossover from Bardeen-Cooper-
Schrieffer (BCS) type superfluid with paring in momentum space, to Bose-Einstein
condensation (BEC) of bound pairs in real space. In this paper, I will present the mean
field approach for both sides at T=0, and then discuss some experimental results in
degenerate Fermi gas. Such results demonstrated the existence of these two emergent

states and revealed the energy dispersion relationship and momentum distribution for
both sides.



1 Introduction

Ultracold atomic or molecular gas provides us a platform to simulate quantum many-body
system. The achievement of Bose-Einstein condensation [1, 2], and the realization of Fermi
degeneracy [3] in ultracold atoms have opened up a new world where the fundamental be-
havior of quantum matter can be investigated. Compared with traditional condensed matter
physics, the study on ultracold gases has the advantage of controlling on various parameters,
providing us a new approach to reveal the mysteries of many-body problems.

One of those many-body problems is the study on BEC-BCS crossover. This problem,
first proposed by theorists in condensed matter physics|4, 5|, have been brought into focus in
ultracold system due to its ability to tune the atom-atom interaction among a large range.
Fig. 1 displays a vivid picture to describe this phenomenon. In the BEC limit, two Fermionic
atoms form a tightly bound pairs in real space, and they, as a molecule, follow the Bose-
Einstein statistics. Thus Bose-Einstein condensate emerges under critical temperature. On
the other side, in the BCS limit where the attraction is weak, the pairs show up only in
momentum space, just like the Cooper pairs in superconductor.
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Figure 1: Schematic for BEC-BCS crossover. By tuning the interaction, the Fermionic atoms
undergo a crossover from Bose-Einstein condensation (BEC) of bound pairs in real space to
Bardeen-Cooper-Schrieffer (BCS) type superfluid with paring in momentum space.

In section 2, I will present the mean-field approach for BEC-BCS crossover at zero tem-
perature. In Section 3, the effect of Feshbach resonance that plays a crucial role in controlling
the atom-atom interaction will be discussed. Finally, in Section 4, I will introduce the exper-
iments that demonstrate the existence of these two emergent states, and reveal their energy
dispersion relationship.

2 Mean-field approach for BEC-BCS crossover at T=0

Under Bogoliubov transformation,
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where Uy on the right side is dependent on k’. Now we want to extract the information
about the effective interaction, i.e. to write Ay as Ay = —Up Y G Dy, where Uy is
independent of k.

Notice that formally we have U = Uy + UoéU ~ Uy + UOGOU, where G = -Gy =

@a
where &) = %, which is the two-particle propagator in non-interacting Fermion system.
Hence we have U = (1 + UyGy)~'Up. As a result

A =—-UGA = —(1+UyGo) ' UyGA.
Multiplying both sides by (1 + UyGy), we find
Ak = —Uo(G + Go)Ak,
or
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Notice that the expression for A\, is different from the one deduced from phonon inter-
action in metals. The reason is that Equ. 1 goes beyond the weak-coupling limit, where the
contribution from right side only extends over an energy interval near the Fermi surface.

In dilute neutral gas, two-body interaction at long wavelength and low energy dominates.
Under Born approximation, U, = %, where m,. is the reduced mass and equals 3 for
indistinguishable Fermionic system. Then we can rewrite Equ. 1 as:
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where the summation has been replaced by integral over k.

At the same time, at zero temperature, the total number of particles in this system should
satisfy
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In order to interpret the physical meaning of Equ. 2 and Equ. 3, we first make them
dimensionless by scaling energy as & = £/ep, and then we have

/Oodééé(é— L) = r(kra)? (@)
0 E— A

/oodééé(l— il ~):é (5)
’ E—p2+he O

To illustrate BEC-BCS crossover, here we would consider the limit situation:

o (kpa)™' — —oo. This limit corresponds to the weakly attractive interacting case. As
a trail solution, we suppose u — ep. Then it turns out for Equ. 5, only the integral
around Fermi surface contributes and we obtain A = e%eFe_l/N(fF)\UO\, in a similar
form as the BCS theory predicted in metal.

o (kpa)™* — +oo. At this limit, Equ. 4 hints that the chemical potential 4 becomes
negative. Assuming that || > /A, which can be verified self-consistently later, we can
expand the above equations to the first order in A2. Then Equ. 4 and Equ. 5 become
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The latter integral gives us the expression for /A? by u, then put it into the first integral,

we obtain/A — ﬁ and pu — —277’22(12; ‘—Z‘ o a=3/? — 0o. Notice that in this limit,
m(krpa)?2

pis just the half of the binding energy of two atoms, indicating that with the increasing
of (kpa)™!, two Fermionic atoms form a bound state and behave like Bosons.

Fig. 2 displays the curves of /i and A as functions of (kga)~!, obtained by solving Equ. 4
and Equ.5 self-consistently|6].

Though approximate, the above approach provides the comprehensive argument for BEC-
BCS crossover. To involve more factors into consideration, Monte Carlo method is widely
used|7], which T will not discuss in this paper. In next two sections, the experimental
technique and results on the study of BEC-BCS crossover will be discussed.



Figure 2: The chemical potential and energy gap at 7' = 0 as functions of (1/kra)~!. From
Ref. [6]

3 Feshbach resonance: tuning the atom-atom interaction

To make the study on BEC-BCS crossover possible, the atom-atom interaction must be tuned
within a large range. As a concept coming from nuclear physics, Feshbach resonance now
plays a vital role in controlling effective interaction between ultracold atoms, by adjusting
an external parameter such as the magnetic field. To illustrate this method in a simple way,
we can consider two potential curves as shown in Fig. 3. The open channel cannot support
a bound state for particles with energy larger than Fy,. However, they can form a bound
state in the closed channel. If the energy of an open channel matches the energy of bound
states in closed channel, there will be a strong mixing between these two channels and the
so-called Feshbach resonance will happen. As we will see later, Feshbach resonance is an
effect resulted from second-order perturbation.

The origin of these two channels is due to the singlet pairing or triplet pairing of two
atoms, analogous to the anti-bonding orbital and bonding orbital in Hs. The inset of Fig. 3
shows the interaction potential vs atomic separation distance for Lis.

Here we consider a two-body scattering problem, the wavefunction for the relative motion
can be written as a sum of incoming plane wave and scattering wave, i.e. ¢ = e*"+4),.. Under
Fourier transformation, the wavefunction can be written as (k') = (27)30(k’ — k) + s (K').
Take this into Schrédinger’s equation, we have
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where U(K', k") = [ d&®rU(r)e’™ =*)7 and n guarantees that the scattering part only includes
outgoing waves.

To first order, we have ! (k') = (% — % + i) Uy 1. In the limit where £ — 0 and
7 — 00, Yy (K') = —5pm U
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Figure 3: The schematic plot for two-channel model that illustrates the Feshbach resonance.
If the energy of bound states FE. in the closed channel (upper) gets close to the threshold
energy Ey, for the open channel (lower), the two channels couple together and introduce
strong effective interaction between atoms. The inset is the potential as a function of atomic
separation for Lis(From Ref. [8]).
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from which we obtain the scattering length ag as
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we could regard Up as a renormalized interaction for dilute gas.
Feshbach resonance requires us to consider the second-order perturbation.
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Then the scattering length becomes
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where ay is just the scattering length as in Equ. 6.
If Ey, is close to E,., the contribution from 7, L 7 will dominate and the contribution

from all other states may be represented by a non-resonant scattering length, denoted as
Gnon—res- 1 he expression for scattering length can be rewritten as:
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Figure 4: Feshbach resonance. (a): scattering wavelength vs magnetic detuning B — B from
Feshbach resonance position. From Ref. [8] (b): Experimental measurement of the Feshbach
resonance position By for K. The curve for atom number vs magnetic field reveals the
onset position where the dissociation of molecules happens, from which we obtain By =
224.18 £ 0.05G. (c¢): Corresponding experimental measurement for scattering wavelength vs
magnetic field. From Ref. [9].

With external magnetic field, the value of a can be tuned. Suppose that E;, — E, vanishes
for given magnetic field By, we can expand it around By to first order, then we have

By, — E. = (ﬂc = Mo — Mﬁ)(B - BO) + O((B - BO)2>7

where p, = —%% and pg = —% are the magnetic moments for the two atoms in the open
channel, and p. = —gch is the magnetic moment for the molecular bound state. As a result,

the scattering length can be written as
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where A = 47rh2anmon7,~es IWIELZI—%ZW’ and corresponding curve for a vs B — By is shown in Fig.
4(a).

Hence, by modifying the external magnetic field, we can tune the scattering length from
negative to positive. In other word, the effective interaction between atoms varies from
attraction to repulsion, provides us the platform to study BEC-BCS crossover. The deter-
mination of the position where Feshbach resonance happens plays a vital role in experiments
on BEC-BCS crossover. The basic principle is to find out the corresponding magnetic field
where the molecules dissociate. For example, Fig. 4(b) is the experimental measurement for
Feshbach resonance position in “°K atomic gas.



4 BEC-BCS crossover in experiments

For Fermionic atoms, the total number of the neutrons, protons and electrons should be even,
therefore they satisfy the Fermi-Dirac statistics (e.g. 9Li, °°K). To observe the quantum
behavior of atomic gas, it is necessary to cool them down below the degenerate temperature
Tr. Though the details of cooling technique may vary for different kinds of atoms, the basic
procedure includes laser cooling and subsequent evaporation cooling. After that, the atoms
are trapped in an optical dipole trap and further investigation can be conducted.

4.1 Observation of Bose-Einstein condensation of molecules

Usually in the study on BEC-BCS crossover, researchers prepare an mixture of atoms in two
different hyperfine states (which can be labeled as |1) and|])) at temperature below quantum
degeneracy. Then the magnetic field will be applied to modify the effective interaction
between atoms. Finally the gas is released from the trap and expands freely; the momentum
distribution of atoms can be measured through time-of-flight absorption imaging, as shown
in Fig 5. With the reduction of temperature, Fig 5 shows an direct observation of the
emergence of molecular Bose-Einstein condensate for °Li and °K, respectively.

Since the original gas cloud in an optical trap is a mixture of unpaired atoms and
molecules, one experimental detail we should pay attention to is how to extract the in-
formation about molecular condensation. For Fig 5(a), after the optical trap is turned off, a
radio frequency pulse is applied to dissociate the molecules into free atoms on other hyper-
fine states, while the residual unpaired atoms are not affected. Then through spin-selective
imaging, the pure information about the molecular condensation can be obtained. Fig 5(b)
used another method: they first dissociated the molecules by sweeping the magnetic field
up to an intensity far above the Feshbach resonance. Then both the unbound atoms and
original molecules are imaged; on the other side, without such magnetic sweep, only the
unbound atoms are imaged. The comparison of these two images reveal the information for
pure molecular component.

4.2 Observation of condensate on both sides of BEC-BCS crossover

Beyond the extreme BEC region, we could investigate the BEC-BCS crossover. However,
measuring the condensate fraction of Fermionic pairs on the BCS side is challenging since it is
hard to identify the condensate component. In the work of C. A. Regal et al[12], they pairwise
projected the fermionic atoms onto molecules and measured the momentum distribution of
the resulting molecular gas. The experimental procedure is illustrated in the inset of Fig. 6.
Once the Fermionic gas is released from the trap, the magnetic field is reduced rapidly, to
drive the atoms into the BEC side, where the atoms with opposite momentum that form a
pair in momentum space combine together to form a bound state with zero momentum. As
a result, we can measure the condensate fraction just as in the molecular BEC limit (they
excluded the possibility that such condensation was formed during this expansion process
rather than at Bpg.)

The main result in [12] is shown in Fig. 6 and Fig. 7. Fig. 6 demonstrated the existence of
condensate on both sides. Besides, by varying the hold time, we can see that the condensate
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Figure 5: The emergence of molecular BEC in Fermionic ultracold gas. Both are the density
distribution observed in time-of-flight absorption images. (a): “°K. From left to right, the
temperature is 7/Tr ~ 0.19 and 0.06. From Ref. [10] (b): 9Li,, together with their axially
integrated radial density profiles. From left to right, the initial temperature is 7/Tr =~ 0.2,
0.1, and 0.05, respectively. From Ref. [11]. They clearly demonstrated the emergence of
Bose-Einstein condensation of bound Fermionic pairs.
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Figure 6: Condensate fraction vs detuning from Feshbach resonance AB = Bj,q — By. The
hold time is 2ms (for black dots) and 30ms (for white triangles). The inset describes the
experimental procedure. The magnetic field sweeps to an intensity around the resonance
position, within the region indicated by black two-sided arrow. This process is slow enough
to provide sufficient time for atoms and molecules to collide to reach equilibrium. Then they
kept this magnetic field for some certain time, called t;,4. At the time t = 0, the optical
trap is turned off and the gas is released. At the same time, the magnetic field is reduced
rapidly by 10G, pushing the gas into the BEC side with weak interaction. Reprint from Ref.
[12].



Figure 7: The momentum distribution for fermionic condensate on BCS-side. The images
are taken after the pairwise projection of atoms with opposite momentum onto molecules.
From left to right, the detuning from Feshbach resonance is AB = 0.12, 0.25 and 0.55G.
The corresponding condensate fractions are No/N = 0.10, 0.05 and 0.01, respectively. From
Ref. [12].

on the BEC side has relatively long life-time. Fig. 7 displays the momentum distribution for
the condensate on the BCS side, after the momentum of atoms are pairwise projected onto
a molecular gas. It indicates that the condensate fraction decreases rapidly as the system
goes far into the BCS side. It satisfies the conclusion we derived in Section 2. As shown in
Fig. 2, the gap energy reduces exponentially as (kra)~! — —oo, and the gas finally behaves
like free Fermions.

4.3 Excitation spectroscopy for BEC-BCS crossover

The observation of condensate on the BCS side is not sufficient to reveal their properties. To
convince that they have BCS-like behavior, it is necessary to obtain more information, such
as their energy dispersion relationship. Momentum-resolved radio-frequency spectroscopy,
similar to angle-resolved photoemission spectroscopy (ARPES) widely used in condensed
matter physics, allows us to study the single-particle excitation in BEC-BCS crossover.
In condensed matter, once the photoelectrons ejected from the sample are collected and
counted, their intensity and momentum k can be obtained. Moreover, the original single-
particle energy is ' = h;jf + W — hv, where W is the work function of the surface. Such
photoemission spectroscopy provides a lot information about single-particle states. Analo-
gously, for ultracold atomic gas, through a radio-frequency pulse, the atoms are driven into
an unoccupied Zeeman spin state, and their momentum can be detected by spin-selective
time-of-flight imaging. Since the momentum carried by photon is negligible compared with
the momentum of atoms, the momenta of those outcoupled atoms reflect the momentum of
original states. Besides, the energy expression is almost the same as the one in condensed
matter, except W corresponds to the Zeeman energy splitting.

D. S. Jin’s group used this technique to probe the single-particle excitation spectrum in
K degenerate gas around Feshbach resonance|[13]. Fig. 8(a) is the spectroscopy for weakly
interacting gas. The intensity, which is proportional to the number of atoms transferred into
the untrapped state, is plotted as a function of momentum and energy. The white dots,
which mark the centers of the intensity at each momentum £, ;match well with the expected
parabolic dispersion as shown in black line. Fig. 8(b) reveals the excitation spectroscopy
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Figure 8: Single-particle excitation spectral for “°K ultracold atomic gas. Black lines are
the dispersion curve for an ideal Fermi gas, and the white symbols mark the center of
energy distribution for given momentum. (a): very weakly interaction Fermi gas. The Fermi
momentum kr = 8.6 + 0.3um ™!, as plotted by orange dots. (b): strongly interacting Fermi
gas on the BCS side. The white line is a fit to BCS-like dispersion. (c): Fermi gas on the
BEC side. The upper feature results from unpaired atoms and the lower feature comes from
molecules. The white line is a fit by quadratic dispersion with an energy shift. Reprint from

Ref. [13].

where (kpa)™' ~ 0. It clearly reveals a pairing energy gap; the experimental data are fit to

a BCS-like dispersion curve, i.e. E = pu—+/(ex — p)? — A2. Fig. 8(c) is far on the BEC-side
((krpa)™" > 1), where the pairing in momentum space becomes a two-body binding in real
space. There are two branches in Fig. 8(c¢). The upper one behaves as free fermions, whereas
the lower branch, broad in energy, drops with increasing momentum. The first one can be
attributed to the unpaired atoms, while the second one should come from molecules. The
reduction in energy is due to the extra cost to dissociate a molecule. Therefore the energy
offset should equal to the molecular binding energy. The negative effective mass reflects that
molecules with higher binding energy occupies higher momentum component.

5 Discussion and conclusion

The BEC-BCS crossover regime provides rich physics. The exciting researches that have not
been covered in this paper include the study on the spin-imbalanced case |14], and even a
possible approach to study the pseuedogap region in high-temperature superconductor |15,
16]. Besides, the technique on probing physical properties in ultracold systems is blooming
in recent years, and therefore the debating issues in condensed matter physics may find their
solutions in this platform. In my opinion, in terms of the study on BEC-BCS crossover, we
need to find more convincing methods to identify the Cooper-pair-like condensate.

In summary, from the BCS wavefunction, I displayed the basic properties of BEC-BCS
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crossover at zero temperature. It indicates that by modifying the two-body interaction, the
BCS-like Fermionic pairs in momentum space can become tightly bound molecules in real
space. In ultracold Fermionic gas, the BEC-BCS crossover region can be realized through
Feshbach resonance, which tunes the effective interaction between atoms by external mag-
netic field. The experimental results clearly demonstrated the existence of condensation on
both sides, and displayed the corresponding momentum distribution under different temper-
ature or detuning magnetic field. Moreover, the photoemission spectroscopy presented the
information about the dispersion relationship, providing deeper insight into this problem.
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