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This essay describes the experimental observations that led to the formulation of the SSH soli-

ton model of polyacetylene’s behavior. The basic aspects of this model are presented and its

connections with the emergent effect of electron fractionalization are emphasized.
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I. INTRODUCTION

FIG. 1 Electron micrographs of polyacetylene; at the left, the as-grown morphology is shown and at the right the effect of
modest orientation by stretching is shown. The typical fibril diameter is approximately 200Å

The extensive study of polyacetylene was motivated largely by the discovery of the conducting polymer trans-
polyacetylene by Shirakawa, MacDiarmid and Heeger. The practical importance of this discovery is enormous, some-
thing that was ultimately confirmed by the Nobel Prize in chemistry in 2000. In thinking about the remarkable
properties of polyacetylene, Su, Schrieffer and Heeger (1) discovered that solitons, which are precisely analogous to
the solitons considered by Jackiw and Rebbi some years before(2) occur as the lowest energy excitations in the sim-
plest imaginary model, the SSH model, of a set of noninteracting electrons coupled to lattice deformations. They
showed that the solitons have reversed spin-charge relations,i.e. they can be neutral with spin 1/2, or if spinless
they have charge ±e, a phenomenon usually called spin-charge separation. Specifically, they showed that when an
electron is added to an otherwise neutral polyacetylene chain, it can break up into two pieces, one of which carries
the electron’s charge and the other its spin. However, the situation is not so obvious: The undoped polyacetylene
is a semiconductor with a large gap of 2 eV and the solitons are not low energy excitations; Attractive interactions
between the charged and neutral solitons lead to a bound state with a binding energy a fact which, if it is added to
the soliton’s creation energy, leads to the conclusion that the lowest energy excitation of the system is a quasiparticle
with the same quantum numbers as of the electron. In this sense, fractionalization is in fact a high-energy feature of
the spectrum.
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In general, polyacetylene is a rather complicated material. It is rather disordered, even when undoped, and doping
introduces all sorts of additional levels of randomness. It is moderately one-dimensional, with an in-chain bandwidth
of order 10 eV as compared to an interchain bandwidth of order one tenth of an eV; this, however, is not sufficient
to permit one dimensional physics to dominate at very long distances, something that clearly leads to rather strong
confinement. Nevertheless, many predictions of the SSH soliton model, both spectroscopic and dynamical, were
confirmed by experiments that we shall discuss.

The most important of them was the rather accurate prediction of the magnitude of the dimerization in trans-
polyacetylene. The accuracy reached at the level of 0.01Å, something really remarkable. One could easily question
the reliability of the mean-field theory they used to derive this result, or moreover the neglect of electron-electron
interactions which are known to play a very important role in one-dimensional systems and most of the times to
destroy completely the Fermi-liquid behavior. However, this success was not an accident. The fact that the phonon
frequencies are small on electronic scales(approximately ten times) justifies the mean-field theory. Also, the weak-
coupling theory is guaranteed by the fact that the gap produced by the spontaneous symmetry-breaking of the
translation symmetry(dimerization), is small compared to the bandwidth(∆/W ≈ 10−1). However, the electron-
electron interactions renormalize strongly the electron-phonon interactions, leading to a strong enhancement of the
electron-phonon coupling constant, something that becomes very important in the nearly undoped case.

FIG. 2 Structure of polyacetylene:(a)cis-(CH)x ; (b)trans-(CH)x ; (c) the two degenerate ground states of trans-(CH)x
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II. SSH MODEL FOR TRANS-POLYACETYLENE

A. The Ground State

While each (CH) group has six degrees of freedom for nuclear translation, only the so-called dimerization coordinate
un specifying the displacement of the n-th group along the molecular-symmetry axis x is of importance. So, the
following simple tight-binding model that was proposed by Su, Schrieffer and Heeger(1) can capture all the important
phenomena:

HSSH = Hπ +Hπ−ph +Hph (1)

where

Hπ = −t0
∑

n,s

(c†n+1,scn,s + c†n,scn+1,s) (2)

Hπ−ph = a
∑

n,s

(un+1 − un)(c†n+1,scn,s + c†n,scn+1,s) (3)

Hph =
∑ p2

n

2m
+

1

2

∑

(un+1 − un)2 (4)

FIG. 3 Dimerization coordinate un, defined for the polyacetylene trans-CHx

The first term describes the hopping of π(pz)electrons along the chain without spin flip, the second is the first
contribution to the interaction between electrons and phonons, while the last term is just the phonon Hamiltonian of
the lattice (CH)groups of mass M. To calculate the ground state of this Hamiltonian we must treat the phonon variables
un in a perturbative way. From 1955, we know from Peierls’ theorem(6) that within the mean-field approximation the
ground state of the one-dimensional metal is spontaneously distorted to form a charge-density wave with 〈un〉 6= 0.
Since the strongest instability occurs for a charge-density wave of wave number Q = 2kF = π

a
, we consider the

adiabatic ground state energy E0 as a function of the mean amplitude of distortion u, where the u′ns are constrained:
un → 〈un〉 = (−1)nu. Also, we can treat the motion of the nuclei in a classical manner, due to the fact that the
limit M → ∞ corresponds to the quasistatic limit. In the reduced zone, − π

2a
< k < π

2a
, for the valence (-) and

conduction (+) band, one can easily diagonalize the Hamiltonian by using the usual Bloch operators. After the
following consecutive transformations:

cks = 1√
N

∑

n,s e
−iknacns in the extended zone (5)

cks− = 1√
N

∑

n,s e
−iknacns in the reduced zone (6)

cks+ = −i√
N

∑

n,s e
−ikna (−1)ncns in the reduced zone (7)

The Hamiltonian can be written, under these approximations, in the following form:

H(u) =
∑

[ǫk(c†ks+cks+ − c†ks−cks−) + ∆k(c†ks+cks− + c†ks−cks+)] + 2NKu2 (8)

where

∆k = 4au sinka (9)

ǫk = 2t0 cos ka (10)

−
π

2a
< k <

π

2a
(11)
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Finally, H can be brought to a diagonal form by a Bogoliubov transformation:

aks− = αkcks− − βkcks+ (12)

aks+ = βkcks− + αkcks+ (13)

|αk|
2 + |βk|

2 = 1 (14)

By eliminating the off-diagonal terms, we finally have:

H =
∑

Ek(nks+ − nks−) + 2NKu2 (15)

where Ek = (ǫ2k + ∆2
k)1/2 (16)

and αk =

√

1 + ǫk/Ek

2
(17)

βk =

√

1 − ǫk/Ek

2
sgn∆k (18)

αkβk =
∆k

2Ek
(19)

For the half-filled(undoped) band of (CH)x, the ground-state energy is given for nks− = 1 and nks+ = 0, so that,
for a ring of circumference L, one has for small u:

E0(u)

N
≈ −4

t0
π

−
2t0
π

(ln(4/z)−
1

2
)z2 +K

t20z
2

2α2
+ ... (20)

where z =
2αu

t0
(21)

(22)

As |z| → 0, the logarithmic term dominates and E0 has a maximum at u = 0, consistent with the Peierls theorem.

For an assumed energy gap of 2∆ = 1.4eV and parameters α = 4.1eV/Å,K = 21eV/Å
2
, and t0 = 2.5eV ,we take the

minimum-energy mean-field distortion to be u0 ≈ 0.04Å. E0 is plotted versus u in the following figure for the referred
parameters(1).

FIG. 4 The total energy(electronic and lattice distortion) as a function of u(the expectation value of the dimerization). The
double minimum denotes the twofold-degenerate ground state and is associated with the spontaneous symmetry breaking of
the translational symmetry of the lattice. The +u0 minimum corresponds to the A-phase and the −u0 to the B-phase.

B. Solitons in the SSH Model

As we know, the system has a half-filled band and the expected behaviour in the above mean-field picture should be
that of a conventional semiconductor with electron and hole excitations. However, because of the two-fold degenerate
ground-stateE(u0) = E(−u0), the system supports nonlinear excitations, which act as moving domain walls separating
regions having different ground states: the A-phase(+u0) and B-phase(−u0). Since these walls are shape preserving
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excitations, which alter the medium after they have passed the given point, they act as topological solitons. Let’s
determine the shape of the soliton which minimizes the total energy of the system: We introduce the staggered
displacement field φn = (−1)nun so that φ = un in the A-phase and φn = −u0 in the B-phase. For a long chain, a
soliton(antisoliton) corresponds to a phonon field configuration that approaches the B-phase for N → −∞, approaches
the A-phase as N → +∞ and minimizes the total energy. The soliton width is the result of the competition of two
effects:

• If φn suddenly changes from −u0 to u0, the electronic energy will be quite large due to the uncertainty principle.

• On the other hand, if φn changes very slowly from −u0 to u0, there will be a large region surrounding n = 0
where the condensation energy per site is greatly reduced, again raising the energy. Thus, there is a preferred
width ξ of the soliton that minimizes the total energy.

From numerical calculations (1), the form of φ has been calculated for the above boundary conditions and is:

φn
∼= u0 tanh[(n− n0)a/ξ] (23)

FIG. 5 Solitons(or bond-alternation domain walls in polyacetylene):
(a)schematic form of a neutral soliton on a trans-(CH)xchain; The absence of the π electrons in the three missing ’double’
bonds form a soliton. (b)the order parameter for a soliton and an antisoliton.

where ξ ∼= 7a for the SSH set of parameters, and n0 is the location of the center of the soliton. For the above set of
parameters, we can easily calculate the energy cost for the soliton’s creation which results to be Es

∼= 0.42eV , which
is less than one-half the single-particle gap ∆. Since the chemical potential is midgap for the undoped material, this
result shows that a soliton is less costly to create than either an electron or a hole. This is the reason that solitons are
spontaneously generated when electrons or holes are injected by doping, by photoexcitation or by thermal generation.

A soliton, as we described, is a phonon excitation which appeared to be less costly than the usual electronic ones.
Now, the question that arises is: How the electronic spectrum is affected by the presence of the soliton?

It follows that if we fix φn to be of the form given in eq.(23), the electron spectrum is strongly altered in the vicinity
of the soliton. In particular, a state ψ0 of zero energy(midgap) appears that is centered at the soliton and falls off on
the scale of ξ.

This can be seen by expanding ψ0 in site basis states, |ψ0〉 =
∑

n ψ0(n)|n〉 and requiring that:

∑

m

〈n|Hel|m〉ψ0(m) = E0ψ0(n) (24)

with matrix elements: (25)

〈n|Hel|m〉 = −[t0 + (−1)na(φn + φn+1)] m = n+ 1 (26)

〈n|Hel|m〉 = −[t0 − (−1)na(φn + φn+1)] m = n− 1 (27)

〈n|Hel|m〉 = 0 otherwise (28)

It can be seen from the structure of the Hamiltonian that the unitary transformation |n〉 → (−1)n|n〉 sends
Hel → −Hel. However, the eigenvalue spectrum cannot change by a unitary transformation, so the spectrum of Hel

is symmetric about E = 0, and Hel exhibits particle-hole symmetry. Now, if there is a solution with zero energy, then
the ψ0(n) satisfy:

∑

〈n|Hel|m〉ψ0(n) = 0 (29)

or

ψ0(n+ 1) = −
〈n|Hel|n− 1〉

〈n|Hel|n+ 1〉
ψ0(n− 1) ≡ −Rnψ0(n− 1) (30)
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As n→ ∞, by using the above matrix elements, we have:

Rn →
1 − (−1)n2αφn/t0
1 + (−1)n2αφn/t0

(31)

For a bounded solution, Rn must be less than one as n→ ∞ and greater than one as n→ −∞. This occurs if the
ψ0(n) for odd n are nonzero but the even n’s must be excluded as they lead to an unbounded solution for the soliton.

However, if we interchange the A and B phases then the solution of the soliton has a (-) difference and therefore
represents an antisoliton. From (31) we may now see that the even-n solution exists with E0 = 0, but the odd-n
solution is unbounded.

From the above, we may conclude that for each widely spaced soliton or antisoliton, there exists a single-electron
state in the gap center which can accommodate 0, 1 or 2 electrons! Also, within the above model, the soliton shape
is insensitive to the occupancy of ψ0.

A comment is in order: As we discussed above, ψ0(n) vanishes on even- (odd-) n sites for a soliton (antisoliton)
regardless of the location of the center of the soliton(antisoliton). This property has been inferred from electron-
nuclear double resonance (ENDOR)experiments, as we will refer to in the next section. Thus, the above conclusions
of this model are also strongly supported by experiments.

FIG. 6 The gap state ψ0 plotted as a function of distance. Note that ψ0 vanishes on the even(odd) sites for a soliton(antisoliton),
regardless of the locations of these excitations.

C. Soliton Quantum Numbers & Spin-Charge Separation

As we may see from the electronic density of states in the presence of a soliton, the total number of electrons or
states in the filled valence band in the vicinity of the soliton decreases by precisely one-half when the soliton is formed.
So, the new formed state at E = 0 corresponds to just one-half of a valence band state. But this means that an
’added’ soliton to the system has to break an electron into two pieces, something impossible. How this paradox can
be explained?

Since the soliton solution φ(x) must be single-valued as we move around the ring-chain, it is clear that a soliton S

and an antisoliton S̄, must be simultaneously created. As we can easily infer from the density of states and by simple
intuition, there is a total valence-band depletion of one state in the vicinity of the excitation, paying back one-half
for the creation of each soliton. In addition, from the particle-hole symmetry of Hel discussed above, it follows that
a total of one state is also missing from the conduction band. These two states combine to form a pair of states on
opposite sides of E = 0, which approach the midgap as S and S̄ separate to distances large compared to ξ. To prove
this result more formally, we can use the sum rule satisfied by the local density of states in the lattice model:

∫ ∞

−∞
ρnn(E)dE =

1

π

∫ ∞

−∞
|ImGnn(E)|dE = 0 in the presence of a soliton (32)

where the one-particle Green function is defined by:

Gnn(E) = −i

∫ ∞

−∞
eiEt〈|Tc†ns(t)cns(0)〉dt (33)
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FIG. 7 One-electron density of states ρ(E) for pure trans(CH)x and the change of density of states ∆ρ(E) when a soliton is
created. The valence and conduction bands are each depleted by one-half of a state appearing at midgap(1)

Therefore, it follows from the particle-hole symmetry and the presence of the zero-energy eigenstate, that:

∫ ∞

−∞
ρnn(E)dE = 2

∫ ∞

0

∆ρnn(E)dE + |ψ0(n)|2 = 0 (34)

or

∑

∫ ∞

0

∆ρnn(E)dE = −
1

2

∑

|ψ0(n)|2 = −
1

2
(35)

Thus, the total valence-band electron deficit per soliton is − 1

2
. The figure below, shows the possible charge and

spin states of the soliton which follow from the above band-theoretic discussion. We may conclude that the soliton
has reverse spin-charge relations from conventional electron-hole carriers, i.e. charged solitons are spinless and neutral
solitons have spin 1

2
in agreement with the magnetic experiments discussed in the following section.

FIG. 8 Electronic structure leading to various charge and spin states of a soliton. The localized chemical ’toy’ structure for
these states is sketched.

Finally, another very important of a soliton is its mass Ms. If the soliton is slowly translating, then:

φ(n, t) = u0 tanh[(na − ust)/ξ] (36)

Then, the increase of energy is given by:

Es
kin =

1

2
Msus

2 =
1

2
Ms

∑

s

(
dφn

dt
)2 =

1

2
Msus

2(
u0

ξ
)2 (37)

and

Ms =
4a

3ξ
(
u0

a
)2M ≈ 6me (38)
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for the SSH parameters that were given in the previous section. The fact that Ms is surprisingly small arises from
the width of the soliton which is much larger than the lattice spacing and the smallness of the nuclear displacements,
so that the nuclei gain little kinetic energy as the soliton passes. This fact forces us to conclude that quantum effects
must be important in the system, in several regimes.
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III. EXPERIMENTAL STUDIES OF SOLITONS

Neutral and charged solitons have different ’footprints’ that clearly distinguish the experimental work that has been
done on trans-polyacetylene.

Neutral solitons’ existence was verified principally by several magnetic resonance studies which are useful because
of the unpaired electron’s spin at midgap. In this way several important properties were measured, including the
magnetic susceptibility and its temperature dependence, the spatial extend of the wavefunction and the motion and
dynamicss of the neutral-soliton defects. Their neutrality was verified by electrical conductivity measurements and
their mobility was verified by the motionally narrowed Electronic Spin Resonance linewidth(4).

Charged solitons’formation has three distinct signatures for which detailed theoretical analysis and direct experi-
mental evidence exist:

1. The formation of localized structural distortions with associated localized vibrational modes. These soliton-
induced characteristic infrared-active vibrational modes can be observed in the mid-infrared frequency range
typical for molecular vibrations, at dilute doping concentrations.The existence of these modes demonstrates
unambiguously that charged species with associated structural distortions are generated upon doping.(4)

FIG. 9 Doping-induced infrared-active vibrational modes for trans-polyacetylene. The principal modes can be observed easily
at frequencies 900 and 1370cm−1.The intensities of teh observed modes are proportional to the dopant concentration but the
frequencies are essentially independent of teh dopant species.

2. The verification of the generation of the midgap state upon doping and the direct observation of the associated
electronic transitions at h̄ω ≈ ∆. This soliton-induced transition can be observed in the near-infrared range.(4)

FIG. 10 Left: Band diagram showing the midgap state associated with the soliton, and the interband and midgap transitions:
at the left, neutral, at the center positively charged and at the right negatively charged soliton.
Right:In situ absorption curves for trans-CHx during electrochemical doping with (CIO4)−. The different curves(1-7) corre-
spond to increasing concentration(0-0.078)of dopants. As the doping proceeds, the midgap absorption appears, centered near
0.65-0.75 eV with an intensity that increases monotonically in proportion to the dopant concentration. The strength of the
interband transition decreases according to the optical sum rule.
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3. The verification of the reversed spin-charge relations, which means essentially charge storage in spinless solitons.
This can be directly verified through electron-spin resonance experiments and the key observation is that the
ratio Ns/Nch ≈ 0 where Ns is the number of spins and Nch is the number of charges. The number of charges
can be determined by the number of dopants which can be obtained by parallel electrochemical and optical
measurements. The number of spins can be determined by the value of the magnetic susceptibility in the
low-doping regime, where its temperature behavior is of Curie-type.(4)

FIG. 11 Electron-Spin contribution to the magnetic susceptibility for n-type[Na+
y (CH)−y]x, plotted as a function of the

chemical potential µ(referenced to Na) of the polymer.
It is obvious that as the density y of dopants increases, the magnetic susceptibility remains approximately constant and it
diverges at high densities, where there is a first-order phase transition to metallic behavior.

The reason for this difference in the number of charge and spin carriers when the material is doped is the
following: As a semiconductor, polyacetylene supports two kind of excitations when a dopant is introduced.
Firstly, an electron quasiparticle excitation can be created, with an energy cost of ∆. However, if the soliton’s
creation energy cost is smaller, then there is a spontaneous lattice distortion which corresponds to one charged
soliton per dopant. Charged solitons are spinless and thus, there is no contribution of the charge carriers to the
magnetic susceptibility!
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IV. CONCLUSIONS

The real importance of the soliton model of polyacetylene is that it introduced a new paradigm in physics. It has
led to ideas that have had a lasting impact on condensed matter physics:

• There can exist quasi-particles with fractional quantum numbers that are robust entities, not just in the low-
energy asymptotic ’world’, but in the real world of materials physics;

• That such quasiparticles have a topological character(solitons), which guarantees their stability

• These fractional quantum numbers are sharp quantum observables, as real as the charge of the electron.
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