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The Renormalization Group in Applied Mathematics

Professor Nigel Goldenfeld

Lecture 1: Self-similarity, incomplete similarity and asymptotics of nonlinear PDEs

Wednesday May 21, 2003 at 12.00 noon.

Dimensional analysis; extended dimensional analysis and anomalous exponents in the long-time behaviour of PDEs;
modified porous medium equation; propagation of turbulence.

Lecture 2: Singular perturbations: uniformly valid approximations from RG

Wednesday May 28, 2003 at 12.00 noon.

Perturbed oscillators, boundary layer problems with log € terms, WKB with turning points, switchback problems;
spatially-extended systems and the derivation of amplitude and phase equations near and far from bifurcations.

Lecture 3: Numerical methods and under-resolved computation
Friday May 30, 2003 at 12.00 noon.

Similarity solutions are fixed points of RG transformations; velocity selection, structural stability and the Kolmogorov-
Petrovsky-Piscunov problem; universal scaling phenomena in stochastic PDEs; perfect operators.
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We have written the equations of water flow. From experiment, we find a set
of concepts and approximations to use to discuss the solution—vortex streets,

turbulent wakes, boundary layers. ! e S
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There are those who are going to be disappointed when no life is found on
other planets. Not I—I want to be reminded and delighted and surprised once
again, through interplanetary exploration, with the infinite variety and novelty of
phenomena that can be generated from such simple principles. The test of science
is its ability to predict. Had you never visited the earth, could you predict the
thunderstorms, the volcanos, the ocean waves, the auroras, and the colorful sunset?
A salutary lesson it will be when we learn of all that goes on on each of those
dead planets—those eight or ten balls, each agglomerated from the same dust cloud
and each obeying exactly the same laws of physics.
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(b) D.Cores (1965)
(e) D. CoLES (I6S)
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Fig. 6.1a—-d. Photographs of the flow between concentric cylinders with the inner cylinder rotating. (The radius ratio is 0.?.)(-) R=~R_; Taylor vortex flow
[6.5]. (b) R/R = 10.4; wavy vortex flow [Ref. 6.6, Fig. 19d]. (c) R/R, =123; the “first appearance of randomness” in wavy vortex flow [Ref. 6.6, Fig. 19¢]. (d)
R/R,=23.5; the azimuthal waves have disappeared and the flow is turbulent, although the axial periodicity remains [Ref. 6.7, Fig. 1d]. The visualization of

the flow in these experiments was achieved by suspending small flat flakes in the fluid ; the flakes align with the flow, and variations in their orientation are
observed as variations in the transmitted or reflected intensity
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0.883 and aspect ratio 30. (Adapted from [10.40])
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All my RG papers can be obtained in reprint
form from

http://guava.physics.uiuc.edu/~nigel/articles/RG
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Frc. 1.8. Measurements on eight fluids of the coexistence curve (a reflection of the PpT
surface in the pT' plane analogous to Fig. 1.3). The solid curve corresponds to a fit to a
cubie equation, i.e. to the choice B =}, where p — p, ~ (—¢€)?. From Guggenheim (1945).



SIMILARITY SoLUTIONS

IN  NON- EQUILIRRIVM PROBLEMS, WE ARR
OFTEN |INTERESTED IN SIMILARITY SoLuTions
fwexey = £ £ (2t
OR TRAVELLING WAVES
wix,£) = F(x-vt)

REASON: “THESE SoLuTioNS OFTEN DESCRIBE
LONG TiIME REMAVIOUR

GOAL : CoMPUTE EXPONENTS &,
VELOCITY V
SCALING FuUNCTioN +

SUFFICES TO CONSIBER SWMILARITY SobluTies

ONLY SUBSTITUTION x:loax *‘:=|03T
CONVERTS

{-(x—vt) —_— F( ;(_v)

TRANELLIN G WAVE SIMILARITY SoLuTioN




DIFFUSION EQUATION

INVTIAL VALUE PROBLEM:

Qtu = -11,_-3;‘\4.

EAUSSIAN OF WidTH £ AND
MASS m

jl-t
~™m
-Xz/l(,t-t.t‘) —~ /// ///)}5):
M.(X,'b) = me
VELIET DY
LONG TiME BEHAVIOUR: .
| - % /ag
. me
Uix,t) s g e
L Fixed ant
OR EQUIVALENTLY
-%'/28
W (x,t) T O -=p ™ €
t fixed ivs

ASYMPTOTIC REMAVIOUR OF IMITIAL VALUVE
PROBLEM GIVEN BY SIMILARITY SoLVUTION
— THE SowoTioN CORRESPONDING ToO
DELTA FUNCTION INITIAL CONDITION.

"eo



DIMENSIONAL ANALYILS

DIFFUSION EQUATION EXAMPLE OF CoMMoN PHENOMENDON
IN PHYSICS,

EXPRESS  PHYSICAL PROBLEM IN  DIMENSIONLESS
VARIABLES Wy Wag T, 3 Wy se T

THEN SoLuTION 1S of For™M

m = *C“‘) Tru-n.‘t,"")."")

IF ONE VARIABLE (e-:9> TT, IS SMALL, THEN

USVALLY SET T.,=0.

I.e,

characlerishe dimension of appacnbag

My = =0
v roduag o-f- ™Meoown
THEN WE HAVE
"Conmm
-rr - { (ol Tr\) Tr'l. -'“J."n) ““‘E e
= CaSE 1
IN  DIFFUS oM EQUATLON EXAMPLE
A : - S
= wmVE i M= e 7/ m, Ve

w = _;_P.LJ—(I%) as TM,—~»0O




DIMENLIORAL AnALYSIS (2)

WE MADE A STRONG ASSUMPTION THAT THe LM T

w,—0 E XISTS. B ARENABLATT HAS GNNEN SEBVERAL

EXAMPLES WHERE THIS ASSUMPTION BREAKS Down .

CLASSIFY ASYMPToTICS:

casg 1: | TT ~ £(0,Tm,,-T.) as'n.-'-‘ol
CoMMONPLACE (BY CONSTRUCTION)

- 1T, oo, Tn
CasE 2 | TT~TI, 3(”_“. » ?») as M0
° -1
PRESENTS PROBLEMS WHEN \T OCLURS, FUNCTN § AND

THE EXPONENTS A&, of,... &,

MUST BE DETERMINED,

CASE 3 : NONE OF THE ABOVE

CASE & ERAMPLES IN FLUID MECHANICS,

CRITICAL PHENOMENA, ELECTROMAGNETIM,......

THESE PROBLEMS CAN BE ANALYSED USING

THE RENCAMALISATION GROUP,



QRARENGLATT EQUATION

SEEMINGLY INNOCUOUS MODIAICATION To DIFFUSION EQN,

B
du=dlu D= “>9 [
wt(ke) o uwu<O

DESCRIBES PRESSURE IN A FLUID PASSING
THROUGH A PoRouS MediuM WHICH CAN EXPAND AND
ConTRACT IRREVERSIBLY (PRcE),

PARAMETER € DEPENDS UPON ELASTIC CONSTANTS

OF FLUID, PoReuS MEDIVM

w(%x,0) w(x,+)
'TW 3: w<o
Y

(B) 1S NOT DERIWABLE FROM CONTINUITY EQN
ow + ¥-) =0

SO MASS OF DISTRIBLUTION NOT CoNSERVED:

m(t) %= m(0)




BARENELATT Ean (2)

S~ WHAT 1S LONG TiMG SEMAVIOUR OF (W) ?
A~

° > ‘ f -!. /?‘;
¢ wnt) S5 /e (%) !

NO !
w
méu") @ SUBSTITUTE PROPOSED
-~ FoRM INTO (B).
@ GWES TwWo ODRE’s
=.
: D=Ya (® CANNCT MATCH Pty 204
X(t) DEAVATIVES AT X(t)

BUT THERE EXISTS A UNIQUE soLu TION
OF THE miTiAl VALUE PRo8LeM WiTw CONTINY OUS

SECOND D ERWATIVES (KamenomosTSkaYA | 195F)

WE WILL SEE THAT LONG TIMG BEHAVIOUR 1S
| X
BARE) S e — ¥ { (“E ’ e)

anomalous dimension,
<L=x(€E)




HEURISTIC DERNATION

WRITE SoLu TIoN AS

- x*/2 (4 +4Y)

m (¢
(B e

‘/ 2w (t+LY)

\F € 1S SMALL, REmovAL OF MASS occuf$

w (x)ts =

"’ sLowlLYy y AND DISTRIBOTION ADIABATICALLY ADTUSTS

TO THE GAUSSIAN FofM AROVE CSTK!LTL‘/ VALID E;Re:,o).
EQuATiIoON OF MoTion FoR ™M(t):

dpm(s) = a._[u(».e)ax - f (XY Lulxa).dx

= -f ;“;'3“‘“.4:! u(nt)Ra :

|Dtﬁ\(t\ = €9, u (X)) k.. x

D(»
SUBSTITUTE SOLUTION @)

- | é}‘ll
dm= - EMit) e :
Vam  (s+2Y) : ex
X(¥)

L L
m(t)s me) 4 X&) = JEr L +0(e)
(9" |

A = ‘/ﬁﬂ—e' i

-




HEURISTIC DERIVATION (2)

SoLuTIioN IN FORM

wixky = L8 e—x"/zcu.v)
Jaw(esd)
TIME VARIATION OF MASS » .
m(e) = mtov(tfr)* T
SOoLUTION
- X /2(6+4L3)

1.3
wirt) = m)L | e
i (b)) BT

® MORE CAREFUL RENORMALISATION GrRouf

ANALYSIS SHOWS THAT

x = £ _- o01-€ + O(€)
Vane

AND FolRm ©F U(X/t) CoRRECT Te O(E),

® ExPANSION FoR o (6) 1S ANALYTIC (ARswon +Vasauss)

® LIMIT J=>0 SINGULAR

e NO NOISE IN QARENBLATT €GN OR PARTITion FoncTion



INTERPRETATION

€=0 MEASUREMENT AT LonG TIMES OF m(+)
IMPLIES KNOWLEDGE OF ImTiaL VALUE mio),
7] 1))
(=0 LIMIT 0.k, SYSTEM FORGETS

INITIAL CONBITION AFTER SUFFICIENTLY

~* 2%
W¥$) —> me
LONG T.Me. It:-r,w (QTT*'Y,L
€+0 AT LATE TIMES CANNOT INFER ™M(e)

FRoM m™(t) ALONE. INDEED, ONE - CANNOT
EVEN TELL HOW MUCH TIME HAS ELAPSED !
1—'0 LIMIT SINGULAR . SYSTEM “Rememaees'

EXISTENCE OF INITIAL CONDITION WITH NON-ZERC

WIDTH. BUT RAnoMALoVS DIMENSION 1S

x 3
INDEPENDENT OF ,Q, uxrt) See (RTﬂv" t'h.m




hnog\n_l.oos DimEngiont AT CRiTeAl fowmts

Two POINT CORRELATION FUNCTION

Glx—4) = &%) L)

ORDER PARAMETER

AT T=T.
@ ( I,Te) ~~ k- ?.*;L
&Noriku::us
DIMENSION

&

&UT DWMENSIONAL ANALYSIS GNES

|—dl .
|_ (o1 = LY = Ceeen] -
‘. e 3
Dm.ﬂbton LENG-TH ‘r'nmeamsmry
OF SPACE

DOES @ VIOLATE DIMENSIONAL MM.Y&IS?

No! musT mc.u.une LATTICE SPACING £

B(nT) ~ 4t Y|

EVEN WHEN Co&&ELﬁTwN LENGTH — 00, SYSTEM

“REN\EmeER.S' EXISTENCE OF LATTICE,



PERTURBATIVE RENORMALISATION

e

Rrri BRARENBLATT EQUATION n'.s
e

[31:" XM ] wixe) = 'e'i' B(X(taﬁ)— I=I) Ocu
WHERE Oy W X(t,0) &) = O

a Sol..o‘rusn s

5 S T o
Wix,&) = ‘[““3 G(t-g.-b) w(y,e) 6-(,:‘.;)\ = J’,;_;.’. £

% j“t'ds 5}, G(x~4,t-5) e(—- g uLa,ﬂ)B}(:h*)

= =
3. Evn»unﬁo» OF INTEGRALS ©Bnd ISOI..A‘HMQ oF DIVERG-ENCES Q-NES ?
LR - ¥'f2s I +0(eY)
* MASS Ao ATED R&G-ULN?. s
WITH  LNMTVAL ConpiTion =0

IN LT 420 M, MAY Go To EBERC OR INFNITY .
BT  DUTRBUTWAY MASI AT TmE € STILL EXIITY AND 1S 0@SERVABLE.

m o= 27{( ‘ffae) m, o e

Z 13 DVMMENIIONLESY =B cAnNNAT BErend ON L ALNG:
NEEO AneTHER LFNGTH SCALE A .



PERTURBATIVG RenormaLsATion(2)

ChoSé O.,, ORDER BY OROER IN € So TwAT W(Oxe) 8 ANTE

2
qlt"'/}‘_) = J-al—.-e: loa ( Cl%" ; C| arb;hﬂfa
~X2s CI}‘
wlet) = e L | + faTe‘
[ | — Ji-%é loa —%_ + OC,E")] 1-0(.!,6)

INDEPENDENT OF HL

- 28[n€’

'me Sc.aL.G /~ 'S A-éetTMY %0 winted

e (l_n_\ - & d}‘- ~s b
3}’:-0 gl - ,r— dp adlloaalo] o
o\ LElIThe

Ie. m(,;.) = er)(.-,-‘
RELATES m AT Two DIFFEReT ScaLel M Ay 8-



PertuR@BTIVE RenormaLsATon (3)

MMINATE  L0G TERM BY SUITARLE CHOKE OF 4/

- X1e
* = IO Y +0 “') o
W (&) m(r-)_':a"__ G-z ﬁc)u (%)) +O(He)
CHoSE Hz = t/C, = "°(°) E[Qﬂ} =0

1
WOR,s) = m, e ol (_C__n,)em? (t+0(e™) +0O(e)
Vant t

s Uulxt) ~ L& h) A = J_a% +OCE‘S

kespine FacTe®S OF A

-~ X2 (enty) X
Wike) = m(p) e el — ‘:;‘ + O(e)) ~0l¢)

V2rr(bet®)
AT t=0 p=o0 = L/[C. B mp) =M,
)*Lr't e X2 (64 42)

uix,g) = (i

* finltes®)




AnonALous Dinsnsions ()

(d) CHOSE ONE FRoM FAMILY OF SOLUTIONS

THIS DETERMINES f*“" " TiME £
Q')

C”.... /\
6] — X

1
Ug (%,¢) = Q (") /2£* XA _ 6 (L e
alx®) = Q) [E 1 - £ In(E) + 0(e?)
THIS PERTURBATIVE SoluTioN VALID FoR trst"f

(@ BUT wave ot ver seeciFied &, Q(t")

Q) oIF £:=§ secs PT poor for
* T PERTURBATION & = 1O° secs,
o s | & THEORY VALID ¢ IF WE kNewW Q(E™), wWITH

t*% q.10° secs PT good
for & = L0° secs.

G
2 CHOSE ¢ = 1x0"secs. BUT INSIST THAT Ug STAYS
ON THE PARTICULAR SOLUTION WITH Q=Q°

AT t=0 secs.

>t



ANOMALILS DINENSINS (§)

(£) GELLMmN—Low TRick:

Ug (X,£) IS INDEPENDENT OF t.

Y dug L._Q. = QO
PR 9Q dt*

‘ x 2up

Cp@=td o= -t S

U

2Q

pe) = -Q[E+z==+0(e)

(9) INTEGRATE B - FUNCTLON
Qe = (aryET .
SET t'=t: -
- A =X/t 2
Uy, (x,£) E e (1+0(eh)
X = €/[3ge + O(e€")




GROUNDWATER SPREADING

i < -
AREA UNPER _ * - Porous Rock

i PRoPAGATING
z\t ~ F} 7#;\{"

o " IMPERI‘ISABLG
ROCK

GCROUNDWATER MOUND SPREADS DUE To GRANITY

PHYSICS —  D'ARCY LAW FLOW

_— INITIALLY FILLED PORE DOES
NOT DRAIN COMPLETELY Due TO
WETTING
a
w - I Nh >0
I+e 9:h <O
h cts
ar‘\ (_“’;_‘7 F._ ;




G ROUNDWATER  SPREADING (2)
DIMENSIONAL ANALYSIS =

= h(Q, x,t,r, L, ¢€)
(W] =H 3 L[a]= Hl.z; [+1=T ; [r1=[2]= L;
[W]= LT "'I-I"' ; L[€]s= |

A ( ‘l'r)'/:. Q(lf-‘t t)"* ‘Gx tl"" )

THE G ROUNDWATER EQUATION DOES NOT CONSERNE
Q= [2nchint)dr

2 KNowING Q@ AT A LATE TiME DOES NOT
IMPLY KNOWLEDE oF Q AT EARY TIME,
.e. CAN REGARD Q= Ql¢) or Q@ (L), For
EACH INITIAL COMDITION WITH WiDTH L, THERE
1S A VALUEF OF Q : BuT leo Q(4) NoOT

L=
WELL DEFINED. NEVERTHELESY, THERE 1SA

ME ASURABLE QUANTITY iy = lim |
% 4T =% L=20

P HENOMENOLOGICAL PARAMETER
- A
8 = E () Q)

[27:] \REQUiRED BY D.A.
21= ARBITRARY LENETH




G ROUNDWATER SPREADING (3)

CAN WRITE PHENOMENOLOGICAL EGQUATION

[ /2 Yy r W
l'\ = Z Q @( - & ) _‘:‘___. s €
k9 \ZRxY)™ T Fiaey™
- s

THE ACTUAL SOLUTION CANNOT DEPEND ON
THE ARBITRARY PARAMETER wu.

dh _
rtaIrL O

= —éﬁ;-lr-kdg;_% +(|+;:-):1;;_% =0

where K 5 - 2loqZ
Plosp

Solve (l-c- bv mel'kod.o{- ckami-erisl-iu,.__)

£ -pl2
g 1 F(507 ¢)  SCALING
Y LAW !

S [ (re) = t'h*“ ’C(t"'*" “
az-2b= p/4 (5. Dwethl, 0.4, 7.123)




ConvenienT To

S@NG THERMAL WAVE
ENERALISATION OF GROUNDWARTER
EQUATLON:

Qtu.=

e

det l+n
u ( ) n n\
l..d.-'l

|
o4 = {' ‘;{:U" > 0

L (v"" G‘ De:.u_.
I

———

TRANSFORM
v 5 Bl "
n
D | Jev = K[(\Zv)‘ + nv Av]
N osve P trburbakion +;ht‘.01‘u.
VR Y BV & 8
= B ™ v, g 7
Vo(Rt) = 2 "_,',;?;2_ C ?) (r/s<|)
£ = (Q”'b 76 +.,('I9 -
(2

--f'
= (5 [oe 1™ (;M o Y
2+n.d. a dmﬂ (-57) "ds'



STRONG THERMAL WAVEC2)

T ———

EQUATION FoOR UT:

[ - . l " i - v " y@ .‘{A ‘A u _‘
<! uilz

C (\mde -4‘1\

' Heaviside step funcdion

4y = r*/s
L= y0-y) :—;1 +[4-(2 *T'.)U}JJ ~%
E'-S“F“MH""S of L are Jacohs folynom‘alS.

SOLVE BY GREEN FUNCTIONS :

J log disergence as €/ Vo 5

RG Calculation —»

[ A né r‘)%"
w(ir,t) ""if(a?“;)?:&eht T 2wy &

= él + Q({-& )(n“ F'“" ,14-2 MD)

d(d-&Z) PO HYPERGEONETRIC FN .



a/0.l

20

® Numerical values for the anomalous ¢
dimension a.

—RG prediction to O(e?)




PRoPAGATION OF

TURBLLENCE

|. “THEORY



PRoPAGATION OF TurBULENCE
ReF : 6.1.Borenblatt n Nonlinear Dynamics and

Turbulence , G.Barenblatt , loos, Toseph (eds.)
yi- Rf"iA .'L‘ ’ Ss""(u)

(Pitmen 19€3),
L.Y. Cwen, NDG h

TuRBULENT
FLuio —2
FRONT
QRUESCENT ™ _— v,

I.fF ogﬁ‘&bu‘non\‘ A IR

PROBLEM: DPESCRIBE PRoPAGATION OF THE
TURBULENT BURST INTO QWESCENT
FLum

PHYSICS : SHEARLESS FlLow ©F MNCOMPRESITRLE
FLuiD, EnEReY DISIPATED AS HEAT.
BALANCE OF TUuRRBULENT ENEREY.
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PRoPAGATION OF TuRAULLENCE (2)

KOLMDEOROY SIMIL ARITY HYPOTHESIS
K, Et 'ﬁ«w"tolu o-f Mean “‘JS

Size A, loal eddy mean eu'eqv.
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Atso ASSUME THAT € s A FIXED

FRACTION OF THICkNGSYS OF TURBWENT
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INVTIAL CONDITIONS:

Fixgd AmMQOUNT OF ENEREY IN BURST
OF THICKNESS Q. .
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2. SOLUTION IN ABSENCE OF DISSIPATION
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3. DISSIPATION ! HEVRISTIC CALCLLATION

Q NO LONGER cwssm&b A
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FOR SLOW REMOVAL OF ©NERGY c.f- PROPAGATION RATS
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ANOMALOUS DIMENSION



PROPAGATION OF TURAWENCE (3)

THIS 1S EYPLICVTLY A MOVING BOUNDARY
PROBLEM : N SoLVING FoR 1_(!,'&) wWE
MUST ALSc DETERMINE THE THICKNESS OF
THE TORARULENT SLAB h(+),

2. DIMENSIONAL AN AL‘ISls
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Q€ F (Grgn i % )

£, F ARE DIMENSIONLESS SCALING FunCTows

h(t)

WHEN € =0 ((NO DISSIPATION) THERE 1S A
SIMILARITY SoLUTION OBRTAINED BY SETTING

a=0.
hi(¢t) = i‘(ﬂ(. f
T (x) = [i35 ..a/n'/




PROPAGATION OF TurRULENCE (4)

3. DISSIPATION ' €50

NOW WE ALLOW FoR THE PoSSIBILITY THAT
THE LIMIT Q=0 MAY NOT BE WEL-DEFINED
NEVERTHELESS, PHYSICALLY, WE ARF INTSREITED
IN THE ASYMPTOoTIC LONG-TIME BEHAVIOUR,
witn h(t) > a.,

RT LonG TImES, G, , THE INITIAL
ENERGY PER UmiT MASS , IS NOT NECESTARY]
MEASURABLE, BECAUSE THERF IS
DISSIPATION, HENCE , WE INTRODUCE A
PHENOMENOLOGICAL @ :
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RENORMALISABILITY: __
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PRoPAGATION OF TuRBULENCE(S)

4. RENORMALISATION GrouvP

q, CANNOT DEPEND ON PR SO
n 49
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TAKING THE LIMIT a0 AND ASSUMING TvE
EXISTENCE OF THE LinaT
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WE CAN ALSO WRITE DowN A CORRESPONDING
EQUATION FOR W (t) Scving BY THF
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PRoPAGATION Or TukBuLencE (C)
S. PERTURBATION ThEoRY

PERTURBATION THEORY YIELDS DNERGENCES
FROM LOHICH THE ANOMALOUS DIMENSIONS A

AND B MAY BE CALCULATED, WITH SIMILAR
MATHEMATICY To GRovsdlWATER PRoBLEM.

B= ‘_“%1 + O(eY)
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6. REMARKS J R

PesSIBLE RELEVANT VARIABLES AT
THIS Fixen PoINT:

® STRATIFICATION OF FLUID
DUE To TEMPERATURE (€-9.)

® BOUNDARY NOT SHARPLY
DEFINED

® INITIAL FORMULATION SOoMEWMHAT
"MEAN FIELD" - LIKE.



End of lecture 1



