Phase Transitions

Homework Sheet 1
Due Noon, Mon 28 Jan 2008 in the 563 box.

Please attempt these problems without referring to textbooks, although you may use your
notes. The most efficient way to learn is to attempt a question and then if you are stuck,
read the relevant section of the notes, then close the notes and try again.

Do not refer to solutions of these problems provided by earlier
students in this class.

Question 1-1.

The fundamental theorem of dimensional analysis (stated by Buckingham) asserts
that in any physical problem involving a number of dimensionfull quantities, the relation-
ship between them can be expressed by forming all possible independent dimensionless
quantities, denoted by II, I, Ils, ..., II,,. Then the solution to the physical problem is
of the form IT = f(Il; ...II,), where f is a function of n variables. (2) Sometimes there
is only one dimensionless combination of variables relevant to a given problem. Then (1)
implies II = constant.

(a) By noting that the area of a right-angled triangle can be expressed in terms of the
hypotenuse and (e.g.) the smaller of the acute angles, prove Pythagoras’ theorem
using dimensional analysis. You will find it helpful to construct a well-chosen line in
the right-angled triangle. Note: the whole point of dimensional analysis is that you do
NOT need to solve for the functional form of the solution to a given problem. Thus,
in this question, you must pretend that you do not know trigonometry.

(b) Now consider the case of Riemannian or Lobachevskian geometry (i.e. the triangle is
drawn on a curved surface such as a riding saddle or a football). What happens in
this case?

Question 1-2.

It is 1947 and you are a spy for superpower R. You notice in Life magazine a series of
time lapse photographs of the early stages of the first test of an atomic bomb, at Trinity,
New Mexico. They are reproduced at:

http://guava.physics.uiuc.edu/~nigel/courses/563 /Trinity

The photographs show the expansion of the shock wave caused by the blast at successive
times in ms. Assuming that the motion of the shock is unaffected by the presence of the
ground, and that the motion is determined only by the energy released in the blast £ and
the density of the undisturbed air into which the shock is propagating, p, derive a scaling
law for the radius of the fireball as a function of time. Extract data from the photographs
(do it yourself — do not just copy what is written in my book!) to test your scaling law and
hence deduce the yield of the blast. You must test your scaling law by plotting a
graph. You should consider carefully and then explain what is the most useful
graph to plot. You should assume that all numerical factors are of order unity. This
information will not be declassified for another 3 years, so you may reasonably expect
promotion and other rewards for your efforts.

1



Question 1-2.
How fast does a river flow? In North America, hydraulic engineers have found that they
can make satisfactory predictions using the empirically-obtained formula (due to Manning)
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where V' is the mean flow velocity in feet/sec, S is the slope of the river (expressed as S
feet /feet, meaning that for every foot travelled horizontally, the river rises or falls by S
feet), and R is the hydraulic radius in feet, defined as the cross-section area of the river,
divided by the perimeter that is in contact with the water. If the river has a rectangular
cross-section, of depth h and width w, then R is simply hw/(w + 2h). The coefficient n
accounts for the roughness of the river bank and bottom, and is tabulated for a variety
of environments through which the river flows. For example, some typical values reported
in the literature are n = 0.015 (brickwork), n = 0.04 for a gravel bed stream. Physically,
these different environments are not geometically smooth walls, but have some pattern of
roughness on them, which we will assume has a scale . Note the eccentric use of English
units in the Manning formula. In this question, we will try to understand the systematics
of the engineers’ empirical formula, so that, for example, we can work out how quickly
rivers flow on Mars.

(a) Does the factor 1.486/n have units?

(b) Rivers flow under the action of gravity, so that the effective gravitational acceleration
experienced is gsinf ~ ¢S where 6 is the angle the river channel makes with the
horizontal. We expect that V = F(R, g,5,7). Making sensible, physically-motivated
choices for dimensionless variables, determine the form of V.

(¢) In (b) you should have introduced a new function of a single variable, that we will call
f(z). What must be the asymptotics for small or large z (depending on how you did
the dimensional analysis) in order for it to reproduce the empirical Manning formula?

(d) Hence calculate how Manning’s coefficient depends on the physical roughness r and
g. This information would be useful for future landscape engineers on Mars ...

Question 1-3.

And now for something completely different ... This question reviews elementary aspects

of phase transitions.

(a) Twenty grams of ice at 0°C are dropped into a beaker containing 120 grams of water
initially at 70°C. Find the final temperature of the mixture, neglecting the heat ca-
pacity of the beaker. The heat of fusion of ice is 80 cal/g, and the heat capacity of
water at constant pressure may be taken to be 1 cal/g. If we now included the heat
capacity of the beaker, would your answer increase or decrease in temperature?

(b) State the Clausius-Clapeyron equation, and explain the meaning of the terms. The
latent heat of vaporization of water is about 2.44 x 10°J /kg and the vapour density is
0.598 kg/m? at 100°C. The density of air is 1.29 kg/m3. Using statistical mechanics,
find the rate of change of the boiling temperature with altitude near sea level in °C
per km. You may assume that air is an ideal gas. You should know by heart any
other data required to solve this problem.



