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Abstract

Dimensionality of system plays a vital role in physics. Recent developments in
ultracold gases provide the possibilities to explore low-dimensional region. In this paper,
I will focus on two kinds of phase transitions in two-dimensional Bose gases: one is
the Berezinskii-Kosterlitz-Thouless (BKT) phase transition; whose disordered state is
characterized by the proliferation of topological vortices pairs; the other is the normal-
to-superfluid transition occurred in optical lattice at the zero-temperature limit, the
physics of which can be described by Bose-Hubbard Model. I will present theoretical
approach to these two problems, and then discuss recent experimental results which
provide a clear demonstration for these critical phenomena.



1 Introduction

Dimensionality plays a vital role in physics. A wealth of new phenomena associated with
lower dimensions have been investigated both experimentally and theoretically, such as Dirac
cone on graphene, quantum Hall effect and so on. Phase transition, one of the most fasci-
nating phenomena in physics, is highly dimensional dependent. Taking the well-known Ising
model as an example, if d = 1, there will be no phase transition at any finite temperature,
but not the case if d > 2. Further study demonstrates that the critical exponents derived
from mean field theory are not correct unless d > 4.

In conventional condensed matter physics, thin films or nanowires can be regarded as
typical two- or one-dimensional system. While for cold atomic system, the ability to impose
strong confinement along one direction in a trapping potential makes it possible to create
highly flattened clouds of atoms, providing a well-controlled platform to study this area.

In this paper, T will focus on two interesting phenomena in two-dimensional Bose gas:
one is Berezinskii-Kosterlitz-Thouless (BKT) transition, which is special since the system
goes from disorder to quasi-long-range order state; the other is quantum phase transition
described by Bose Hubbard model occurred in the vicinity of zero temperature. Optical
lattice formed by standing waves provides an ideal emulator of this model.

2 Berezinskii-Kosterlitz-Thouless (BKT) Transition

BKT transition is an important phase transition occurred at two-dimensional system. It
involves the emergence of topological charge pairs (i.e. vortices) above a critical temperature.
By the fact that in thermal equilibrium at finite temperature, the free energy F' = E — TS
must be minimized, it is easy to capture the physical picture of BKT transition. Because
the excitation energy corresponding to a vortex is £ faL dzrﬁ2 =7pln %, while the number of

possible configurations to create a vortex in the system with area L? is 5—22, the change in free

energy AF = 7p; 111% — 2T In % If T'> T, = ™=, the proliferation of vortices is preferable.

2.1 XY Modelll

As a theoretical preparation for our following discussion, the classical XY model is introduced
first. As we will see later, it can describe BKT transition. The Hamiltonian of a classical
XY model on a two-dimensional orthogonal lattice sites is

Hxy =—J ) cos(6; —0;), (1)

<iyj>
where (7, j) indicates nearest-neighbour sites. By expanding it to quadratic term, we have
1
cos(0; —0;) =~ 1 — 5(@ —0;)%.

The validity of the above approximation requires 6; — 6; is small compared with 7. To
fulfill it, we can write §; — 0; = 2mn + € (e < 7), then the partition function becomes

Z = e Py = exp[BJ Y cos(0; — 0;)] — i e exp{Z[—iJ(@i —0; — 2mm)?|}.

(i,3) m=-00 (i,4)



For the right-hand side, the term with minimum value of (6; — 6; — 2rm)? dominates, and
this term supports the above approximation.
To transform the above expression into a Gaussian integral, we use Poisson’s equation,

“+o00

S wm =S [ den(@)ei,

m=—00 |l=—00 Y —00

and up to some constant factor, the partition function becomes

i ng(eZ(i,j)[f%(eﬁejfzm)a] /DQ Z /dqbe[ﬂ D iy =5 (0i—0;—2m )2+ 2mili )
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30— 0;)]}
{li;} <i,j> 26‘]
Since [; ; is defined for each pair of (i,7), we could rewrite it as a vector potential [, (r),
(u = (x,y)), while r starts from the original point to the left or lower point in (i, ;). Then

the exponent term becomes

(i) (00— 00+ )
Rewriting the second term [, (r) - (0(r) — 0(r +u) as ({,(r) — l,(r — u)) - 6(r) makes it easy
to perform integral over . We obtain

Lu(r)?

Z= > exp(— 257

{lu(r)}

- ))70

The constraint imposed by the delta function is

Z(lu(r) —lu(r —u)) =0,

u

which is nothing but the discrete version of V1= 0. That is to say, we can find a vector field
ni(r) satisfying I(r) = V x 7i(r), where 7i(r) = €,n(r). In the discrete version, V x 7i(r) =
(0yn(r), —=0:n(r)) = (n(r)—n(r—y), —n(r)+n(r —x)), therefore, 1,(r)? = (n(r) —n(r—u))>

The partition function becomes
1 2
Z= ) expl—5 - (n(r) —n(r—u))’]
28J
{n(r)}
Using Poisson’s equation again, we have

7 = /_OO D¢ Z exp[— 2;] (n(r) —n(r —u))? + 2mi ;m(r)gzﬁ(r)}

m=—oco [



By Fourier transformation to momentum space, we have

Z = /OO Do Y- eXP{—W/dkcbk[Z(?—e“““—e‘ik“)}¢k+2wm(—k)¢(k)}

m=—00 m
= Zsuw Z ea:p[QWQBJZm(r)C’(r—r’)m(r’)], (2)
m(r)=—oo r,r’
where C(r =) = = [ 92 [ 92 5o —aemn, — 2w (57 + § = G(0) for large [r — 7.

The term with G(0) is G(0)[>, m(r)]*. If we interpret m(r) as a “charge”, this term will
vanish due to the neutrality condition. The contribution from the constant also vanishes.
Zsw is the contribution from spin wave part. It corresponds to the case where the
fluctuations between ¢ and j are suppressed, i.e. m = 0. As a function of ¢, it is hard to
transform Z, ,, back to the presentation of 0. However, we could see easily that if 0, — 0, is
small, Eqn.(1) could be approximated as 3 [ d?r(V0)?, so Zy,, = exp[—2 [ d*r(V0)?.

2.2 XY Model and BKT transition

In this section, we will build up the bridge between XY model and a two-dimensional super-
fluid system. In the absence of vorticity, the velocity of this flow can be written as vy = V®.
The existence of vortex can be related to the vorticity V x ¢. Notice that for any closed
path, fdf U= [d*V x¥-€, =2mn, (nis an integer that reflects the total topological
charges within that area.) One can set V x ¢ = 27é, >, n;0(r — r;), describing a collection
of vortices with topological charge {n;} at locations {r;}.

By setting 7 = 9y — V x (€.1), we have

V x 0 =eVih = Vi) = 21y nid(r —ry).

The field 1 just behaves like a potential created by a set of point charges and the solution
ford=21is ¢¥(r) =, n;In(|r —ri]) =273, n;C(|r — ry)).
The action of this system can be written as

s = 5 [ @na =5 [ @i - v x @)
- 'OSQB/er[(V(I)) — 2V -V x (€29) + (V x (e29))?].
An integration by parts shows that the second term vanishes, while the third term
[#rx@n? = [ e -0 @p.-0) = [ Erl@0? + (-0
— / PryViy = =47y nin;C(|r; — 1))

ij

The final expression for the action is

_ psp

/d2 VCID — 2 psﬁannj (ri — 75]) = Ssw + St
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which matches Eqn.(2) in previous section. It is clear that m(r) and J there represent
the topological charge and superfluid density ps, respectively. Moreover, the unphysical
divergence at ¢ = j can be regularized by the core energy of a vortex, hence S; = >, S —
Am? T Yo C(|ry —15)).-

2.3 Renormalization Group Approach

As we have seen, the partition function can be separated into two parts. In following discus-
sion, we will focus on the topological part, with only elementary excitations (i.e. n; = +1).
Notice that the system behaves just like Coulomb gas in 2D, so the effect of screening must
be taken into consideration. To lowest order, the effective interaction between r and r’ can be
approximated by involving only two external “charges” (positioned at s and s'); it becomes

—471- Jo(r— r)_|_y fd2 d2s —471- JC(s—s")—4n2JC(r—r")+4x2 J[C(r—s)+C(r' —s')=C(r' —s)—C(r—s)]

<6747r2jC(r7r')> ~
1+y fd28d2516—47r2JC(7'—T")

~ e—4ﬂ2,fC(r—r')[1+167T5j2 /dl‘$3 —QﬂJln(z)
~ 6—47'(2jC(T'—7'/)[1—4773j2ygfdl.l,3 27"]

where J = J/kpT and yy = e 51", Then we obtain Se;;(r — ') = 472J;;C(r — '), where

Jopp = J — Am3 TPy} / daa® =27
The renormalization procedure is conducted by breaking this integral into two parts:

f:o = : ‘+ f;; The non-singular short-distance contribution can be evaluated and incor-

porated into J. The remaining integral can be rescaled by e‘a — a and reach the differential
recursion relations|2|:

dJ1

= Artatyg + O(yp)
d
C‘;Jlo (2 —7L)yo + O(y3)

The renormalization flows are shown in Fig.(1). With J=* < Z, the low-temperature
phase is characterized by a line of fixed points where yo — 0. It indicates that there is
no unbound vortices in this case. Here the correlation length decays as a power law, the
suppression of fluctuations leads to {cos(6(r) — 6(0))) ~ e~ 2{O—00)%) _ (&)1 T~
with n = 5 J* < 1/4, indicating a quasi-long-range order. In the high-temperature phase,

Yo — o0 and J — 0, free vortices’ pairs emerge. Correlation length decays exponentially:

(cos(0(r) — 6(0))) = ;H(/OWC;?)COS(Q(T)_Q( )7 Sy 00,8
~ ;g</”§%)005<9<r>_9<0))g TS sl )
~ ()~ earl=7]

where the correlation length ¢! =1n(2/J). £ goes to zero under RG flow.
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Figure 1: Schematic of RG flow. The red curve indicates the line of fixed points below 7.

2.4 Experimental Study on BKT Transition

In this section, BKT transition observed in cold bosonic atoms are discussed|3]. As shown
in Fig.2(a), two copies of 2D atomic cloud are prepared at the nodes of 1D optical lattice
potential. After the trapped 2D gases reach equilibrium, they are released. A camera records
the information about the matter wave interference between them (Fig.2(b)). The vertical
fringes are due to the interference of these two copies, while the waviness of the interference
fringes contains the information about the phase patterns in each planar system.

The temperature of the system is determined from the central contrast of the interference
pattern, which quantifies the degeneracy of the 2D system and so the temperature. Higher
co reflects lower temperature. Integrate the interference pattern along z and the resulting
contrast ¢ will decay with the integration length. The average value of ¢ should behave as|4]

1

(A(L,)) ~ — /0 dalCla, O)F o (1)

Above critical temperature 7., assuming correlation function C(z,0) decays exponen-
tially on a length scale much shorter than L., the integral should be independent of L, i.e
(A(Ly)) ~ L%, so a = 0.5. Conversely, just below T,, C' oc 21 as shown in section 2.3, so
a equals to 0.25. Fig.2(c) demonstrates the change of o from 0.5 to 0.25 versus decreasing
temperature. Due to the finite size effect, the transition occurs as a finite-width crossover
rather than a sharp phase transition. Fig.2(d) proves the proliferation of free vortices at
higher temperature. The dislocations in the interference image is interpreted as vorteices,
whose number enhances with increasing temperature.

3  Quantum Criticality

Unlike thermally induced phase transition, quantum phase transition can take place at zero
temperature, driven by external parameters. Generally speaking, for arbitrary Hamiltonian,
its kinetic part H, and potential part V do not commute and therefore e #H +£ ¢=8Hoo=8V
but for finite 3, we could have e #H = [e70T(HO+HVIIN o [¢=0THoe=0TVIN where §7 = B/N.
However, at zero-temperature, § — oo, the static and dynamic part are inextricably linked
and impossible to separate. Consequently, the d-dimensional quantum system behaves like
a d+1-dimensional classical system, with an extra degree of freedom comes from dynamics.
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Figure 2: Schematic of (a) the experimental preparation of 2D cloud of bosons and (b) imaging system.
After releasing from trap, the two clouds expand predominantly along z-axis and overlap to form a interference
patten. The camera records the pattern at x-z plane. (c) Emergence of quasi-long-range order in a 2D gas.
Dashed lines indicate the theoretical expected values of a above and just below T,. Higher ¢y corresponds
to lower temperature. (d) Proliferation of free vortices with increasing temperature. The sharp dislocations
in the inset are attributed to the presence of a free vortex. The figure shows the number of vortices as a
function of c¢g.



Figure 3: Schematic of (a) superfluid and (b) Mott insulator in an optical lattice. (c) and (d) are exper-
imental single-site fluorescence imaging of atom number for superfluid and Mott insulator. The bright dot
means the site is occupied by one atom, while black dot indicates that the site is either empty or occupied
by two atoms. (From Ref[5])

3.1 Introduction to Bose-Hubbard Model

The Hamiltonian of Bose-Hubbard model is

Hpp=—J Y blb; + (g — p)ii + > ;Um(m —1),
<iyj> i i

where J is the hopping coefficient that describes the tunneling of bosons between nearest
neighbour sites, U describes the on-site repulsive interaction between two particles, and
n; = BIBZ counts the number of bosons on " lattice site. For a homogenous system, ¢; is a
constant and therefore can be absorbed into the chemical potential .

Before doing any analytical calculation, we could consider two limit cases first. (1):
U/J > 1. In this case, each site should be occupied by an integer number which minimize

1
e(n) = —pn + §Un(n — 1),

whose result shows that for n — 1 < p/U < n, exactly n bosons will occupy each site.
The system is in Mott insulator state. (2): J/U > 1. The kinetic term dominates; atoms
are delocalized. It is superfluid and the ground state can be described by a macroscopic
wavefunction. The cartoons and real experimental images for these two phases are shown in
Fig.3.

To perform quantitative analysis, the partition function is represented by coherent path
integral in imaginary time:

B
Z = / Db; Db! exp{— / dr > b8, — u)b; + ngbTbibi — 3" T (b1b; + 0ib)]Y. (3)
0 i

(2
2 /La]

As a first step, we decouple the non-local hopping term by performing Hubbard-Stratanovich
transformation,

B B
expl [ dr Y gpiv] = [ Dueso(= [ arSviagn = ¥ 0l + o,

<,j>
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Figure 4: (a) The phase diagram of Bose Hubbard model at 7' = 0. (b) Finite-temperature phase diagram
along the red line and (c) corresponding experimental data. ((a),(b) from Ref.[7], (c) from Ref.[8])

the partition function becomes

Z= [ Doesof [ r S~ w10, + 1o <exp[ [ + w:bj>]> }
Z] 7/7] Sloc
where < ... >i.= [..e” Jg dr 326} (0r—wpbi+Fblblbibi Expand it to lowest order in powers of
hopping, we have

(ol [ar S0l +vinl) = 1w (TEHO) v
Stoc

]

Recall that imaginary time Green’s function equals to — <TAbj(7)bZ(0)> Converting it to

the frequency space by using Matsubara frequency w, = 2mn/g, It becomes G(iw,) =
+1
iwn—rlb—(;t—Uno - iwn-l.—u—n((}(no—l)' . . . . .
Re-exponentiate the resulting series in powers of ¢, and expand the terms in spatial and

temporal gradients of ¢, we have Landau free energy as|6]

L = Ko + Kal0-0 ] + Kal Vo + rluf? + S[ul, (4)

where r = % + G(0) and Ky = Or/0u. The phase transition happens when r changes sign,
this corresponds to

i _ nyr + 1 TLM](/L/U)
zJ  Unyi(p/U) —p - p—=Unar(p/U) = 1)

where ny;; is the occupation number of each site at Mott insulator state. The corresponding
zero-temperature phase diagram is shown in Fig.4(a).

|=o0. (5)



3.2 Universality Class of Quantum Phase Transition

In Fig.4(a), there are two kinds of quantum phase transition, each belongs to its own uni-
versality class. In the state of Mott insulator, the density is always pinned at some integer
number. As it undergoes a phase transition to the superfluid state, there are two possibilities:
either (1) the density remains the same, or (2) the transition is accompanied by a change in
density.

e Constant density. It happens as shown by the blue dash line in Fig.4(a), across
the Mott lobe’s tip. At fixed chemical potential, sufficiently large hopping term will
allow particles to overcome the on-site repulsion and move around the whole system,
thereby the system transforms into a superfluid state. In this case, the parabolic shape
of phase boundary suggests that Or/du = 0 at the critical point, so K7 = 0 in Eqn.(4),
and it is just a d = 2+ 1 XY model. (To see this, we could substitute b; = |\/Pole™
into Hpy, and expand to quadratic order in ¢, then Hgy will go back to Hyy).

o Various density. Starting from any point in the y—.J plane, as the chemical potential
increases at fixed J, one will eventually reach a point where the kinetic energy gained
by adding another particle into the system will balance the cost of potential energy.
This extra particle can hop around the whole lattice without energy cost, producing a
superfluid state. In this case, K # 0, so |0,1|* becomes irrelevant.

Since the static and dynamic quantities are inextricably linked in the vicinity of zero tem-
perature, besides the conventional correlation length £, characteristic time € is necessary for
the scaling description; since we expect () diverges at the transition point, we have  ~ &%,
which defines the dynamical exponent z.

Define the reduced chemical potential as § = #5*<. The finite size scaling form for the
free energy density is

f(57 B_lyL_l) — l_(d+z)f(5l1/y,B_IZZ,ZL_I) — 5V(d+z)f(ﬁ—15—uz’ L—l(s—l/) (6)

Here we will figure out the critical exponents through a simple argument. The mean field
theory predicts that v = %, but how about dynamic exponent 2?7 First, consider the constant
density transition occurred at the Mott lobe’s tip. Since K; = 0 in this case, Landau free
energy is isotropic for space and time, We expect that z = 1. The situation changes for
the various density case. The terms for spatial and temporal variance are 0,19 ~ %2 and
(Veh)? ~ %2, respectively. Naive power counting implies that Q ~ €2, i.e, z = 2. More strict
argument can be found in Ref.[6].

However, the experimental observable is the superfluid density, we need to investigate its

behavior near the critical point, rather than the free energy. The density at the superfluid
side is p, = —g—lf; ~ §VAHA LRV [7167Y); it could also be written as

v(d+z)—1 _v(d+z)—1

s ~ 6u(d+z)—1(ﬁ—15—yz)7uz F(ﬁ_lé_yz,[/_l(s_y) ~ B —_— F(Csyzﬁ,[zé) (7)
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Figure 5: (a) Collapsed occupation number as a function of the scaled chemical potential. The blue solid
line is the average curve for the lowest four temperatures. Inset shows the determination of critical chemical
potential from curves with different temperatures. (b) Determination of the correlation length exponent v
and dynamical exponent z, based on u,. = 4.5J. The color represents the reduced chi-squared (x?), indicating

how well the data can collapse into a single curve. (From Ref[8])

3.3 Observation of Quantum Criticality with Ultracold Atoms in
Optical Lattice

When it comes to the issue of realistic experiment, the finite temperature effect deserves
more attention. Suppose that we reduce the chemical potential at fixed J (along the red
curve in Fig.4(a)), from Eqn.(6), we except a crossover region where §”% ~ T, instead of a
critical point A. Fig.4(b) illustrates the finite-temperature phase diagram and Fig.4(c) is
the corresponding experimental result.

The experimental measurement becomes promising, because the superfluid density can be
measured directly from in situ density distribution; the chemical potential ;1 and temperature
T are obtained by fitting momentum distribution based on mean-field model. The only
unknown parameter is the critical chemical potential p.. Eqn.(6) implies that if u = p.,
d = 0, the free energy density is independent of 7. Hence, if we plot ps(u,T") versus u for
different T', all the curves should intersect at u,. (as shown in the inset of Fig.5(a)).

The experiment|[8] is based on 33C's in two-dimensional optical lattice. The temperature
is controlled within the range of 5.8 to 31nK. From the crossing point in the inset of Fig.5(a),
the critical chemical potential . is determined as p. = —4.5(6)t, which agrees with the
theoretical prediction py = —4t derived from Eqn.(5).

On the basis of the expected exponents z = 2 and v = 3, Eqn.(7) becomes p,/kpT ~
F[(1u — pe)/kpT) for constant J. Fig.5(a) shows the scaled occupation number as a function
of scaled chemical potential. Below 15nK, they collapse into a single curve, demonstrating
the emergence of quantum criticality. Deviations become obvious for higher temperature.
Next, to examine the critical exponents, various values of z and v are taken to check how
well the data can collapse to a single curve. The evaluation shows that the best-fit exponents

are determined as z = 2.2739 and v = 0.5270%3 (as shown in Fig.5(b)). They agree with our
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previous argument: z = 2 and v = %

4 Summary and Discussion

As a summary, in this paper, we first discussed BKT transition in terms of XY model,
and the RG analysis provides a deep view of this phenomena. Experimental results provide
not only a microscopic detection of BKT transition, but the critical exponents expected by
theoretical prediction. In the second part, we introduce the Bose-Hubbard model, which can
be emulated by optical lattice. A simple theoretical argument gives the scaling form and
critical exponents; and such quantum critical behavior has been observed experimentally.

For achieving further progress, one of the most challenging issues for cold gases system
is the difficulty to determine temperature. The cold atomic system is isolated from external
ensemble, so the lack of extrinsic thermometer preventing the conventional temperature
measurement. Nowadays, the information about temperature is obtained from intrinsic
properties of cold gases, e.g. by fitting the momentum distribution to a given theoretical
model, though the validity of the theoretical calculation deserves further investigation. This
difficulty becomes more obvious in strongly correlated problems. The lack of general theory
in this region prevents AMO researchers connecting what they observe to the quantities in
conventional condensed matter system. Therefore, finding a convincing thermometer may
be the next important task for this area.
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